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Résumé

Les réseaux sans fil de la prochaine génération devraient prendre en charge plusieurs techniques de détection et de lo-
calisation précises. Les systemes de transport intelligents, ol les véhicules détectent en permanence les changements
environnementaux et échangent des informations et des données de détection avec des véhicules déja détectés, des
stations de base ou des serveurs centraux, en sont des exemples importants. Une approche courante mais naive pour
aborder la détection et la communication consiste a séparer les deux tches en systemes indépendants et a répartir les
ressources disponibles, telles que la largeur de bande et la puissance, entre les deux systemes. Cependant, les coflits
élevés du spectre et du matériel encouragent I’intégration des taches de détection et de communication via une seule
forme d’onde et une seule plate-forme matérielle. Ces systémes intégrés sont plus compliqués a concevoir, notam-

ment en raison du compromis inhérent qu’ils présentent entre les performances de détection et de communication.

Cette these s’appuie sur [1f], qui a introduit le premier modele informationnel théorique pour la détection et
la communication intégrées (ISAC) et a caractérisé les limites fondamentales des performances de détection et de
communication dans ce modele. Le modele de [[1] considere un canal sans mémoire dépendant de 1’état (SDMC) avec
des signaux de rétroaction généralisée observés au niveau de 1’émetteur (Tx), il mesure également les performances
de communication en termes de taux de données fiables et les performances de détection en termes de distorsion
moyenne. On remarque que la rétroaction généralisée est bien adaptée a la modélisation des systemes ISAC, car
elle peut décrire le comportement du canal et donc de I’environnement, elle capture la nature passive des signaux
d’écho observés au Tx, et elle dépend également de la forme d’onde de transmission. Les résultats présentés dans
[1]], montrent que pour une configuration point a point (P2P) a émetteur unique (Tx) et récepteur unique (Rx), le
compromis optimal entre les performances de communication et de détection est atteint par des constructions de
code aléatoire standard telles qu’utilisées pour la communication de données traditionnelle, ou les statistiques des

entrées du canal, cependant, doivent étre adaptées pour obtenir la performance de détection souhaitée.

Cette these se concentre sur la théorie de 1’information ISAC sur les réseaux multi-Tx ou multi-Rx. Plus précisé-

ment, notre premiere contribution est de caractériser le compromis fondamental entre les taux de communication et
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la distorsion de détection des canaux de diffusion (BC) mono-Tx et bi-Rx dépendants de I’état qui sont physique-
ment dégradés. Nous fournissons également des limites intérieures et extérieures sur les compromis taux-distorsion
réalisables pour les canaux de diffusion généraux. Nos résultats montrent des compromis intéressants entre les per-
formances de détection et de communication réalisables simultanément, ce qui implique que pour améliorer le taux
de communication, il faut sacrifier les performances de détection et vice versa. Ce compromis est illustré a 1’aide
de divers exemples. De plus, nous décrivons une classe de réseaux de base ou les performances de communication
et de détection n’ont pas de compromis, et ol les deux tiches peuvent étre satisfaites simultanément avec leurs
performances optimales.

Les canaux P2P et les BC sont tous deux des réseaux a émission unique, pour lesquels on peut montrer que la
stratégie de détection optimale de 1’émetteur est un simple estimateur symbole par symbole de I’état caché étant
donné les entrées et sorties du canal au niveau de la borne de détection. L’optimalité de cet estimateur découle du
fait que les canaux de rétroaction généralisés et la séquence d’état se comportent tous deux sans mémoire pour une
séquence d’entrée fixe. Ce n’est pas nécessairement le cas dans les configurations ol le terminal de détection n’est
pas le seul a fournir des entrées aux canaux sans mémoire, par exemple dans les réseaux multi-Tx ou dans les réseaux
ou la détection est effectuée a la Rx. Dans ce cas, la perturbation effective pour la détection n’est pas nécessairement
sans mémoire puisque les entrées des autres terminaux créent également des perturbations et peuvent avoir une
mémoire. Dans la deuxieme partie de cette thése, ou I’accent est mis sur les réseaux a deux Tx, des stratégies
de détection plus complexes sont donc nécessaires. Plus précisément, nous nous concentrons sur les scénarios de
communication par canal multi-acces (MAC) a deux Tx et par dispositif interactif a dispositif (D2D), c’est-a-dire le
canal bidirectionnel a deux Tx. Pour ces réseaux, nous introduisons la théorie de 1’information collaborative sensing,
un concept qui a déja recu une attention significative dans les communautés de communication et de traitement du
signal. Dans nos schémas de détection collaborative, les émetteurs compriment les informations sur leurs signaux
de retour et transmettent ces informations aux autres émetteurs dans le but de les aider dans leurs performances de
détection.

Plus précisément, pour le MAC, nous étendons naturellement le schéma de codage de Willem pour transmettre
les informations d’état d’une Tx a I’autre sur le chemin de communication construit sur la liaison de rétroaction
généralisée. Le schéma proposé peut étre considéré comme un schéma de codage source-canal distinct dans le
sens ol chaque Tx compresse d’abord les sorties et les entrées obtenues pour extraire les informations d’état, puis
transmet 1’indice de compression a I’aide d’un code de canal pur a I’autre Tx. Les schémas ISAC collaboratifs que
nous proposons permettent d’obtenir un meilleur rendement de détection qu’un schéma ISAC antérieur [2] ou les

Tx ne s’entraident pas pour améliorer le rendement de détection. Ainsi, nous obtenons généralement un meilleur
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compromis taux-distorsion que le schéma précédent.

Pour le scénario D2D, nous décrivons deux schémas ISAC collaboratifs. Le premier schéma est similaire dans
son esprit au schéma MAC et est basé sur la séparation source-canal et le schéma de canal bidirectionnel de Han. Le
second schéma repose sur une stratégie améliorée basée sur le codage conjoint source-canal (JSCC), plus précisé-
ment le codage hybride. Nous montrons des performances améliorées des deux schémas de détection collaborative
D2D. Dans le scénario MAC et D2D, nos schémas ISAC sont strictement concaves dans les paires taux-distorsion et

améliorent donc également les stratégies classiques de partage du temps ou des ressources.






Abstract

Next-generation wireless networks are expected to support several accurate sensing and localization techniques.
Important examples are intelligent transport systems, where vehicles continuously sense environmental changes and
exchange sensing information and data with already detected vehicles, base stations, or central servers. A common
but naive approach to address sensing and communication is to separate the two tasks into independent systems
and split the available resources, such as bandwidth and power, between the two systems. The high spectrum and
hardware costs, however, encourage integrating the sensing and communications tasks via a single waveform and a
single hardware platform. Such integrated systems are more complicated to design, in particular also because of the

inherent tradeoff they bear between sensing and communication performances.

This thesis builds on [1]], which introduced the first information-theoretic model for integrated sensing and com-
munication (ISAC) and characterized the fundamental limits of sensing and communication performances in this
model. The model in [I]] considers on a state-dependent memoryless channel (SDMC) with generalized feedback
signals observed at the transmitter (Tx), also, it measures communication performance in reliable data rates and
sensing performance in terms of average distortion. Notice that generalized feedback is well-suited to model ISAC
systems, because it can describe the behaviour of the channel and thus the environment, it captures the passive nature
of the echo signals observed at the Tx, and it also depends on the transmit waveform. The results in [1]], show that
for a single-Tx single-Receiver (Rx) point-to-point (P2P) setup, the optimal tradeoff between communication and
sensing performances is achieved by standard random code constructions as used for traditional data communication,

where the statistics of the channel inputs, however, must be adapted to obtain the desired sensing performance.

This thesis focuses on information-theoretic ISAC over multi-Tx or multi-Rx networks. More specifically, our
first contribution is to characterize the fundamental tradeoff between communication rates and sensing distortion
of state-dependent single-Tx two-Rx broadcast channels (BC) that are physically degraded. We also provide inner
and outer bounds on the achievable rate-distortion tradeoffs for general BCs. Our results show interesting tradeoffs

between the simultaneously achievable sensing and communication performances, implying that to improve com-
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munication rate, one has to sacrifice sensing performance and vice versa. This tradeoff is illustrated at the hand of
various examples. Moreover, a class of BCs is described where communication and sensing performances experience
no tradeoff, and both tasks can be satisfied with their optimal performances simultaneously.

P2P channels and BCs are both single-Tx networks, for which it can be shown that the Tx’s optimal sensing
strategy is a simple symbol-by-symbol estimator of the hidden state given the channel inputs and outputs at the
sensing terminal. The optimality of this estimator stems from the fact that the generalized feedback channels and the
state-sequence both behave in a memoryless manner for a fixed input sequence. This is not necessarily the case in
setups where the sensing terminal is not the only terminal feeding inputs to the memoryless channels, for example,
in multi-Tx networks or in networks where sensing is performed at the Rx. In this case, the effective disturbance
for the sensing is not necessarily memoryless since the inputs from the other terminals also create disturbances and
can have memory. In the second part of this thesis, where the focus is on two-Tx networks, more complicated
sensing strategies are thus required. Specifically, we focus the two-Tx single-Rx multiaccess channel (MAC) and
interactive device-to-device (D2D) communication scenarios, i.e., the two-Tx two-way channel. For these networks,
we introduce information-theoretic collaborative sensing, a concept that has already received significant attention
in the communication and signal processing communities. In our collaborative sensing schemes, Txs compress
information about their feedback signals and convey this information to other Txs with the goal of helping them in
their sensing performances.

Specifically, for the MAC, we naturally extend Willem’s coding scheme to convey state-information from one
Tx to the other over the communication path built over the generalized feedback link. The proposed scheme can
be considered a separate source-channel coding scheme in the sense that each Tx first compresses the obtained
outputs and inputs to extract state information, then transmits the compression index using a pure channel code to
the other Tx. Our proposed collaborative ISAC schemes achieve a better sensing performance than a previous ISAC
scheme [2] where Txs do not help each other to improve sensing performance. Thus, we generally achieve a better
rate-distortion tradeoff than the previous scheme.

For D2D scenario, we describe two collaborative ISAC schemes. The first scheme is similar in spirit to the
MAC scheme and is based on source-channel separation and Han’s two-way channel scheme. The second scheme is
based on an improved strategy based on joint source-channel coding (JSCC), specifically hybrid coding. We show
enhanced performances of both D2D collaborative sensing schemes. In both the MAC and the D2D scenario, our
ISAC schemes are strictly concave in the rate-distortion pairs and thus also improve over classical time- or resource-

sharing strategies.
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Chapter 1
Introduction

1.1 Background and Motivation

Next-generation wireless networks are expected to support several autonomous and intelligent applications that
rely heavily on accurate sensing and localization techniques, as this is one of the critical features of 6G wireless
networks [4]. One example are intelligent transport systems, where vehicles are equipped to sense environmental
changes and exchange information with other vehicles for various purposes.

The standard assumption of such a cooperative sensing and communication system is that a transmitter (Tx)
wishes to convey a message to an already detected while a radio detection or radar receiver (Rx) that is co-located
with this Tx wishes to estimate parameters of the environment.

A common but naive approach to address sensing and communication is to separate the two tasks in independent
systems and to split the available resources such as bandwidth and power between the two. In the information-
theoretic models that we present in the following chapters, such a system corresponds to resource-sharing between

communication and sensing (see Figure [I.1a). The high costs of spectrum and hardware however encourages in-

A (8
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Figure 1.1: Resource-splitting vs. synergic wave-form.



2 1.1. BACKGROUND AND MOTIVATION

tegrating the sensing and communication tasks via a single waveform and a single hardware platform [5,(6] (see
Figure [I.Tb). First attempts towards such integrated systems use a standard communication system and exploit the
backscattered signal from this waveform for sensing purposes. The employed transmit waveform is either optimized
for sensing or communication. The literature has widely studied such integrated sensing and communication (ISAC)
schemes (see, e.g., [7,/8]] and references therein).

In particular, several ISAC schemes have been proposed to optimize performance metrics capturing the tension
between sensing and communication performances [9-14]]. While these works provide system guidelines or propose
waveforms suitable to specific scenarios, this thesis addresses the problem from a more theoretical angle. We aim to
characterize the fundamental performance limits of ISAC systems under a given model for the parameters that need
to be estimated and for the channel over which communication and sensing take place.

The present thesis is thus related to the fields of information theory and estimation and their interplay. The
literature of related works in these fields is vast, and we shall mainly focus on the most related ones. We, however,
would also like to mention the seminal work in [15]], which connects the input-output mutual information and the
minimum mean-square error (MMSE) achievable by optimal estimation of the input given the output.

The fundamental performance limits of ISAC systems were first considered in [[1]]. Specifically, [1] introduced
an information-theoretic model for ISAC based on a memoryless state-dependent channel and generalized-feedback.
The state-sequence is meant to model the evolution of the environment and thus captures the sensing parameter
that the Tx wishes to estimate. The generalized feedback captures two underlying assumptions used in radar signal
processing: generalized feedback captures the inherently passive nature of the backscattered signal observed at the
Tx, which cannot be controlled but is determined by its surrounding environment, and it models the fact that the
backscattered signal depends on the waveform employed by the Tx. It was proposed to use the classical average
per-letter block-distortion to measure the Tx’s sensing performance on the i.i.d. state-sequence.

The authors of [1]], see also [16], characterized the exact capacity-distortion tradeoff of arbitrary single-Tx and
single-Rx discrete memoryless channels (DMCs) with generalized feedback. The capacity-distortion tradeoff mea-
sures the inherent tradeoff between increasing data rate and reducing sensing distortion in such integrated systems.
Interestingly, the results show that the optimal tradeoff is achieved by standard random code constructions as used
for traditional data communication, where the statistics of the channel inputs (and thus of the codewords) however
has to be adapted to meet the desired sensing performance. This observation is consistent with the signal-processing
literature on the search for adequate channel input waveforms which allow to meet the desired sensing performance
while still achieving high communication rates.

As mentioned, to achieve the optimal capacity-distortion tradeoff for single-Tx single-Rx DMCs, standard codes
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Figure 1.2: Different sensing and communication constellations

can be used for communication that ignore entirely the generalized feedback, i.e. the backscattered signals used for
sensing. The reason is that any kind of feedback does not increase the standard capacity (i.e., the highest rate of
communication) of memoryless single-Tx and single-Rx channels. The situation changes however significantly for
multi-Tx or multi-Rx networks, where feedback can increase capacity even for memoryless channels. For example,
feedback increases the capacity of memoryless single-Tx multi-Rx broadcast channels (BC) [17H19] because it
enables the Tx to send common information that is useful to both Rxs at the same time (see e.g., [20, Section 17]). In
a dual manner, in multi-Tx single-Rx multi-access channels (MAC), feedback allows the distributed Txs to cooperate
in their transmissions by sending useful common or correlated information to the single Rx. In network ISAC setups,
the generalized feedback thus improves both sensing and communication performances. As we already mentioned,
the sensing and communication performances in single-Tx single-Rx point-to-point (P2P) setups depend on each
other only through the common choice of the waveform. We show in this thesis that a similar observation also
holds for memoryless BCs, i.e., the sensing performance is independent of the employed BC-feedback-code and
only depends on the chosen waveform but not on other details of the code construction. It allows to base integrated
coding and sensing systems on known BC-feedback code constructions such as [17-19]] where one only has to
adapt the statistics of the channel inputs to achieve the desired sensing performance. Based on the scheme in [[17]],
we provide a general inner bound on the capacity-distortion region for general memoryless BCs with generalized
feedback. We also provide a general outer bound on the capacity-distortion region of memoryless BCs by extending
a known converse technique that reveals the outputs at one of the Rxs to the other Rx. Inner and outer bounds
coincide in special cases.

Completely characterizing the capacity-distortion tradeoff region for a general memoryless state-dependent BC
seems extremely challenging since even the capacity region (without sensing) is unknown both in the case without
and with feedback (see e.g., [17H19,[21]). Instead, we characterize the capacity-distortion region for the particular

case of physically degraded BCs. Analogously to the single-user case, feedback does not enlarge the capacity of




4 1.1. BACKGROUND AND MOTIVATION

physically degraded BCs and is useful only for sensing but not for communication. We illustrate the merit of optimal
ISAC schemes over time- or resource-sharing schemes through various numerical examples.

The sensing situation becomes more interesting and challenging when the sensing terminal is not the only ter-
minal feeding the input to the channel. In this case, the effective disturbance for the sensing is not necessarily
memoryless since the inputs from the other terminals also create disturbances and can have memory. That being so,
a strategy that first attempts to guess the other Txs’ codewords followed by a symbol-wise estimator based on the
observations and the guessed codewords can lead to a smaller (and thus better) distortion. A similar phenomenon
has also been observed in [22]], where communication is over a DMC, and state estimation is performed at the Rx’s
side. In this case, the optimal sensing strategy is first to decode the Tx’s codeword and then to apply an optimal
symbol-by-symbol estimator and the observed channel outputs to this codeword.

A similar strategy was applied in the two-Tx single-Rx multi-access channel (MAC) ISAC scenario of [2] in
which, through the generalized feedback, each Tx first decodes part of the data sent by the other Tx and then applies
a symbol-by-symbol estimator to the decoded codeword as well as its own channel inputs and outputs. The ISAC
scheme of [2f] is based on Willems’ scheme for the MAC with generalized feedback, where each Tx encodes its
data into two super-positioned codewords, of which the other Tx decodes the lower data-layer. This data is then
repeated by both Txs in the next block as part of a third lowest-layer codeword, allowing the two Txs to transmit
data cooperatively.

Somewhat naturally, [2] suggests using this decoded lower layer also for sensing purposes in the sense that each
Tx applies the symbol-by-symbol estimator not only to its inputs and outputs but also to this decoded codeword.
In this thesis, we suggest using this decoded codeword not only to exchange data but also to exchange sensing
information. The concept of exchanging sensing information for ISAC has been studied in the signal processing
literature under the paradigm of collaborative sensing. In this sense, we also introduce the concept of collaborative
sensing for ISAC to the information-theoretic literature, where we focus on the MAC and the related device-to-device
(D2D) communication, i.e., the two-way channel.

On a more technical level, we extend Willem’s coding scheme so as to convey also state-information from one
Tx to the other over the communication path built over the generalized feedback link. The proposed scheme can
be considered as a separate source-channel coding scheme in the sense that each Tx first compresses the obtained
outputs and inputs so as to extract state information, and then transmits the compression index using a pure channel
code (here Willems’ coding scheme) to the other Tx. As a result, the proposed scheme obtains a better sensing
performance than the previous ISAC scheme [2] without collaborative sensing, and thus a better distortion-capacity

tradeoff. A related idea was previously used in [23}24] for the state-dependent MAC, where the Txs compress and
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transmit their state information to the Rx. In their setup, the transmission of the state is beneficial over pure data
transmission because it helps the Rx to decode the data.

We further present a collaborative sensing ISAC scheme for the two-way channel, which models device-to-
device communication (D2D), based on source-channel separation and use Han’s two-way channel scheme. We
also propose an improved scheme that is based on joint source-channel coding (JSCC), more specifically on hybrid
coding [25], and show enhanced performances of both collaborative sensing schemes. In both the MAC and the D2D
scenario, performances of the proposed ISAC schemes improve over classical time- or resource-sharing strategies.

Various other information-theoretic works have recently-analyzed the fundamental limits of ISAC systems [ 26/
29]. For example, [29] analyzed systems with secrecy constraints, while [26-28]] studied channels that depend on a
single fixed parameter and Txs or sensor nodes wish to estimate this parameter based on backscattered signals. Their
model is thus suited for scenarios where the estimation parameters change at a much slower time scale compared
to the channel symbol period, while in [27] sensing (parameter estimation) is performed at the Tx, in [26] it is
performed at a sensor that is close but not collocated with the Tx. The study in [28] analyzes the detection-error
exponents of open-loop and close-loop coding strategies.

Related are also the information-theoretic the capacity-distortion tradeoff studies in which differ from our ISAC
setup in that a state is estimated at the Rx and not at the Tx. [22,30-33|], but where the Rx estimates the state and not

the Tx as in our ISAC setup.

1.2 Contribution and Organization of the Thesis

This thesis contains the following technical contributions:

1. Chapter 2 provides an introduction to sensing and communication as well as to the first approaches to inte-
grating sensing and communication schemes. It also describes non-overlapped resource-sharing strategies for

comparison purposes in the following chapters.
2. Chapter 3 review over related work. Specifically:

* It presents the exact capacity-distortion-cost tradeoff for memoryless single-Tx single-Rx systems where
the Tx wishes to estimate the state. It also proves the optimality of a symbol-by-symbol estimator for

this setup. Moreover, we review results on slowly-varying channels.

¢ It reviews the results of ISAC where the Rx estimates the state.

3. Chapter 4 presents the following results on single-Tx two-Rx broadcast channel (BC) systems::
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* It presents inner and outer bounds on the capacity-distortion region for general BC channels. The inner
bound is based on [[17]] and can be achieved using a block-Markov strategy that combines Marton coding

with a lossy version of Gray-Wyner coding with side-information.

* We also characterize the capacity-distortion tradeoff region of physically degraded state-dependent mem-

oryless BCs.

* The proposed inner and outer bounds match for physically degraded BCs, thus characterizing the exact

capacity-distortion tradeoff region.

4. Chapter 5 introduces collaborative sensing for ISAC over the two-Tx single-Rx multiaccess channel (MAC)
systems. It presents an improved inner bound on the fundamental rate-distortions tradeoff over two-Tx MACs
based on a scheme where each Tx codes over the generalized feedback to improve the state estimation at
the other Tx. We also show that it is of general nature and in particular can model scenarios with partial or
perfect channel state information at the Rx as well as scenarios where the Txs wish to reconstruct functions or

distorted versions of the actual state that is governing the channel.

5. Chapter 6 proposes two collaborative-sensing ISAC D2D schemes. The first is based on a separate source-
channel coding approach and and the second on an improved JSCC approach using hybrid coding. In both
schemes, the transmitted codeword carries not only data but also compression information that the other ter-
minal can exploit for sensing. While the separation-based scheme employs Wyner-Ziv compression to account
for the side-information at the other Tx, the JSCC based scheme uses implicitly binning as in standard hybrid

coding.

1.3 Notation

We use calligraphic letters to denote sets, e.g., X'. The sets of real and nonnegative real numbers, however, are de-
noted by R and ]R(J{. Random variables are denoted by uppercase letters, e.g., X, and their realizations by lowercase
letters, e.g., . For vectors, we use boldface notation, i.e., lower case boldface letters such as z for deterministic
vectors. We use [1 : X] to denote the set {1,--- , X }. We use X" for the tuple of random variables (X1, -+, X,,).
We abbreviate independent and identically distributed as i.i.d. and probability mass function as pmf. Logarithms are
taken with respect to base 2.

We use the shorthand notations “Rx" for “Receiver” and “Tx" for “Transmitter". The set of all integers is denoted

by Z, the set of positive integers by Z* and the set of real numbers by R. For other sets we use calligraphic letters,
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e.g., X. Random variables are denoted by uppercase letters, e.g., X, and their realizations by lowercase letters, e.g.,
x. For vectors we use boldface notation, i.e., upper case boldface letters such as X for random vectors and lower case
boldface letters such as x for deterministic vectors.) Matrices are depicted with sans serif font, e.g., H. We write X
for the tuple of random variables (X7, ..., X,,) and X" for the tuple of random vectors (X, ..., X,,). We denote
the entropy function by H(-), and the mutual information function by I(-). We use L to indicate independence
between random variables. Moreover, 1{-} denotes the indicator function. For vectors we use boldface notation,
i.e., lower case boldface letters such as x for deterministic vectors. For positive integers n, we use [1 : n| to denote

the set {1,--- ,n}. We define a x b = ab + ab.







Chapter 2

Prelude: Sensing and Communication

The first part of this chapter commences with an introduction to radar systems, wireless communication and revisits
some early studies related to the co-existence of radar and communication systems. It also describes co-existence

solutions that we later use for comparison.

2.1 The Radar System

Radar is a system that utilizes radio waves to learn about positions, motions, or the mere presence of target objects
in an environment through the analysis of backscattered signals. In fact, a radar terminal radiates a waveform that
propagates through space until it reaches a target, where it is reflected in a way that depends on the properties of
the target. The radar terminal collects and analyzes the backscattered signals so as to gain information about these
properties. In this sense, the target almost acts like a passive transmitter and the radar terminal as a receiver. In
the radar system, if the presence and position of a target are already known, the transmitter steers all the energy of
transmit waveform towards the target, so as to obtain more information through the backscattered waveform. Thus
the radar uses Line of Sight (LoS) techniques. Traditional radar systems mainly operate on the 24-79GHz band.
Sensing tasks can be roughly classified into three categories, detection, estimation, and recognition, which are all
based on collecting signals/data concerning the sensed objects. Detection refers to making decisions on an object’s
state given some observations, such as the presence/absence of the target or other events related to the target. We
can model the detection problem as a binary or multi-hypothesis testing problem. In the binary hypothesis testing
problem as an example, we select from two hypotheses; the alternative hypothesis H; and the null hypothesis Hy.
Detection metrics are the probability that H; holds but the detector chooses H( (miss-detection probability), and the

probability that Hy holds but the detector chooses H; (false-alarm probability).
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Estimation performance can for example be measured by mean squared error (MSE). When the expectation of
estimation is E[S’] = S we call the estimator unbiased. In this case, MSE is equal to variance of S. The Cramér—Rao
bound (CRB) expresses a lower bound on the variance of unbiased estimators of a deterministic (fixed, but unknown)

parameter, the variance of any such estimator is at least as high as the inverse of the Fisher information.

Proposition 1. Suppose S is an unknown deterministic r.v. which we want to estimate from m independent obser-
vations on'Y; each from a distribution according to a given pdf f(y, s). The variance of any unbiased estimator S,

defined as the inverse of the Fisher Information (FI), is lower bounded by

var(S) > I(l) (2.1

where the Fisher information 1(S) is defined by

1(8) = mEs[(W)Z]. 2.2)

This is the case when the estimated parameter is an scalar unbiased [34)].

Fl is the expectation of the curvature (negative second derivative) of the likelihood function concerning the valid
parameter, which measures the "sharpness" or the estimator’s accuracy. Estimation refers to extracting valuable
parameters of the sensed object from observations. For example, distance/velocity/angle/quantity/size of targets are
some possible parameters that a sensor desires to estimate.

One practical example in the wireless channel is the Gaussian channel, as we shall see in[3.30] However, MMSE
is used to indicate the error of sensing in this Gaussian example in real-world models, and there are some difficulties

in computing the closed form of it, which leads us to depend on bounds.

2.2  Wireless Communication System

Wireless communication systems mainly operate on the 2.4 GHz band. A transmitter wishes to transfer either data
bits or source samples (for example, samples of an audio or video file) to a distant receiver. The data or source
information is coded onto a transmitted waveform and the receiver collects and analyzes the propagated waveform
to produce a guess of the transmitted information. The following performance metrics are usually considered for a

communication system:

» Energy or spectral efficiency measure how many bits of information are communicated using a given energy
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budget or a given bandwidth.

* For data transmission, bit-error rate (BER), symbol-error rate (SER), or frame-error rate (FER) are used to
measure the robustness of the communication. In fact, due to the disturbances in the communication channel,

the data bits guessed at the receiver can be faulty.

¢ For source communication, robustness is either measured in bit-error rate or more often in distortion such as

the average mean-squared error.

To outline the main differences between radar and communication systems, glance at Table

Communication Sensing
2.4 GHz 24-79 GHz
Data/Source Transmission Estimation/Detection
Bit/Signal/Frame Rate MMSE-CRB
Distortion Detection/False Aarm prob.
All propagation paths LoS

Table 2.1: Communication vs Sensing.

2.3 First Ideas of ISAC Systems

In this section, we introduce some basic ISAC ideas. The early work [35]] modulates the communication bits on the
missile range radar pulse interval. Interference rejection and robustness in multipath fading environments, inherent
properties of spread spectrum systems, also make chirp (signals used in radar application) signaling very active
for the expanding wireless communications market. Another approach in [36] as early as 1962 is based on chirp
signals proposed for both analog and digital communication [[37] but are also commonly used in radar applications.
These works can be categorized as the first steps towards Integrated Sensing and Communication (ISAC). In the
survey [|6], there is a fair string of evolution to pre-ISAC systems where a category of solutions is revisited. Some
straightforward solutions are called Non-Overlapped Resource Allocation. In our information-theoretic model used
throughout this thesis, such a system corresponds to time- or resource-sharing between communication and sensing;

we shall call this Basic time-sharing (TS), and with a minor modification, we will introduce Improved time-sharing.

10
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2.4 Non-Overlapped Resource Allocation

A common but naive approach to address sensing and communication is to separate the two tasks into independent
systems and split the available resources, such as bandwidth and power, between them so that they do not interfere.
Time-division ISAC can be conveniently implemented into the existing commercial systems by splitting the trans-
mission duration into radar and radio cycles, for example [38]]. For radar sensing, frequency-modulated continuous
waveform (FMCW) with up-and-down- chirp modulations were used, while various different modulation schemes
(e.g., BPSK, PPM) can be used for communication.

In an OFDM system, frequency-division ISAC can implemented by allocating different communication and
sensing tasks to different subcarriers as a function of the channel conditions and power budget of the Tx [39]]. ISAC
with non-overlapped resources can also be implemented over orthogonal spatial resources e.g., different antenna
groups [40]]. Thus, non-overlapping resource allocation can be performed in time, frequency, or spatial domains, as

illustrated also in Figure 2.1}

Frequency Frequency Frequency

Space Space

Time

Time

(a) Time-sharing (b) Frequency-sharing (c) Spatial-sharing

Figure 2.1: The red cubes demonstrate the communication waveform, and the blue cubes demonstrate the sensing
waveform.

This thesis considers two baseline schemes: the Basic TS scheme and the Improved TS scheme. The Basic TS
scheme corresponds to the non-overlapped resource allocation approach, and splits its resources (time, bandwidth or

spatial dimensions) between the following two modes:

» Sensing mode

The system aims to design a suitable waveform to attain the minimum possible distortion. In our model, the
waveform is translated into an input distribution; thus, the input pmf Py is chosen to minimize the distortion,

and hence the minimum distortion is achieved. Communication rate is zero.

e Communication mode
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The system is designed to transfer as much reliable data as possible. Therefore, the input distribution is chosen
to maximize the rate and communicates rate equals channel capacity. The estimator is set to a constant value

regardless of the feedback and the input signals. The mode thus suffers from a large distortion.

The improved time-sharing Improved TS scheme still performs a sort of non-overlapped resource allocation, but
resources are not exclusively dedicated to only sensing or only communication. It is simply that one of these tasks
is prioritized. The second baseline scheme is called Improved TS scheme and can simultaneously perform the com-

munication and sensing tasks. This scheme time-shares between the following modes.

» Sensing mode with communication

The input pmf Py is chosen to achieve minimum distortion. At the same time, the transmitter is also equipped
with a communication encoder. It uses this input pmf to simultaneously transmit data at the rate given by the

input-output mutual information of the system.

* Communication mode with sensing

The input distribution is chosen to maximize the communication rate. i.e. achieve the capacity of the channel.
The transmitter is however also equipped with a radar estimation device that optimally guesses the state-

sequence based on the transmitted and backscattered signals.

We will see in the next chapter that all non-extreme operating points of the Basic and Improved TS schemes are

typically suboptimal compared to an optimal ISAC scheme.

12






Chapter 3

An Information-Theoretic Model and Results

In this chapter, we review the single-Tx single-Rx as a P2P channel [[1]]. Notice that the model in [1]] was the first
information-theoretic model of an ISAC system. However, we slightly generalize the model and results in [[1] by
relaxing the assumption that the channel states are necessarily revealed to the Rx. As we shall explain, our model
allows for any kind of channel state information (CSI) at the Rx. The model also includes as special cases scenarios
where the Tx is interested in sensing a state that is related but not necessarily equal to the channel state.

The capacity-distortion-cost tradeoff is characterized, which allows us to quantify the merit of an optimal ISAC
scheme over the baseline schemes introduced in the previous chapter. The results show that without loss in optimality,
the communication scheme can ignore the generalized feedback signals, which are only used for state sensing.
Communication and sensing performances depend on each other through the choice of the common waveform. The
results further show a tradeoff between the simultaneously achievable sensing and communication performances
arises in most situations except for “matched" situations where the same waveform simultaneously achieves capacity
and minimum distortion. A Blahut-Arimoto type algorithm is used to evaluate the capacity-distortion-cost tradeoff

numerically.

3.1 System Model

We describe a slight generalization of the first information-theoretic ISAC model of [1]]. Consider the P2P commu-
nication scenario depicted in Fig. [3.1] where a Tx wishes to communicate a message to a Rx over a memoryless
state-dependent channel and simultaneously estimate the state from generalized feedback.

The channel output at the Rx Y; and the feedback signal Z; at a given time ¢ are generated according to its

stationary channel law Py 7 x s(+,+|xi, si) given the time-i channel input X; = x; and state realization S; = s;,

13
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T 2!
Gn 4—| Est.
x4
W—»| Enc. | Pyrzisx —»| Rx [—» W

Pg

Figure 3.1: Joint sensing and communication model.

irrespective of the past inputs, outputs and state signals. Except for some Gaussian examples, assume that the channel
states S;, inputs X;, outputs Y;, and feedback signals Z; take value in finite sets S, X', )V, and Z, respectively. The
state sequence {S; };>1 is assumed i.i.d. according to a given state distribution Pg(-).

A (2"R,n) code for the state-dependent memoryless channel (SDMC) consists of

1. adiscrete message set W of size |W| > 2"R;

2. asequence of encoding functions ¢;: W x Z=1 — X, fori=1,2,...,n;
3. adecoding function g: Y" — W,
4. a state estimator h: X™ x Z" — 8™, where S denotes a given finite reconstruction alphabet.

For a given code, the random message W is uniformly distributed over the message set ¥V and the inputs are
obtained as X; = ¢;(W, Z Z'_1), fori = 1,...,n. The corresponding channel outputs Y; and Z; at time ¢ are obtained
from the state S; and the input X; according to the SDMC transition law Py zjsx. Let Sn o= (5’1, e ,S‘n) =
h(X™, Z™) denote the state estimate at the Tx and W = ¢(Y") the decoded message at the receiver.

The quality of the state estimates is measured by the expected average per-block distortion

A = B[d(S", 5] = = S E[d(S:, ), G.1)
1=1

o
where d : S x S — Ra“ is a given bounded distortion function:

max d(s,§) < oo. (3.2)
(s,8)eSxS

14
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In practical communication systems, we typically impose an expected cost constraint on the channel inputs such as

an average or peak power constraint. These cost constraints can often be expressed as
1 n
Eb(X™)] =~ E[b(X:), (33)
i=1

for some given cost functions b: X > ]Rar.

Remark 1 (Equivalent Model). Consider the related model with a triple of sequences (S”, ~%, SE) that are i.i.d.
according to a joint pmf Pg Sr.8n and where the Tx estimates S7., the Rx observes SE, and the two terminals
observe the generalized feedback signals and channel outputs produced by the SDMC Py, 71X 3§ See FiguregThis

seemingly more general model is equivalent to our model if we set Y = (17, S’R), S = Sy and

P?Z‘Xg(;g./z]:l:ﬁ)

Pyz1xs((9,3R), 2 | m,8) = — (3.4)

SEZS Psgl‘gn (S’ ST SR)

A

Tx «

S7. €—] Est.
. v
W—%{ Enc. | Przsx —» Rx —»7
—>

Figure 3.2: An equivalent model to the model in [1]

3.2 Capacity-Distortion-Cost Tradeoff

We start by defining the desired performance for communication and distortion, followed by the definition and

properties of the capacity-distortion-cost function, and the main theorem of [1]].

Definition 1. A rate-distortion-cost tuple (R, D, B) is said achievable if there exists a sequence (in n) of (2"R, n)

15
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codes that simultaneously satisfy

lim P™ =0, (3.5a)
n—oo
Iim A™ <D, (3.5b)
n—oo
1 <&
im — Y E[b(X;)] <B, 3.5
Tim n; [b(X)] < (3.5¢)

for Pe(n) = Pr <W =+ W)
The capacity-distortion-cost tradeoff C(D,B) is the largest rate R such that the rate-distortion-cost tuple

(R, D, B) is achievable.

In order to characterize useful properties of the capacity-distortion-cost function, we define the following sets:

Ps = {PX > Px(2)b(x) < B}, (3.6a)
zeX

Po = {PX > Px(x)e(x) < D}. (3.6b)
zeX

The minimum distortion for a given cost B is given by
Dpin(B) := min Z Px(x)c(z). (3.7
TEX
Definition 2. Define the information-theoretic tradeoff function Cinf : [Dpin(B), 00) X [0, 00) — Ra“ as

Cinf(D7 B) = ng%%;r(\lpg I(Xa Y)7 (3.8)

where (X,S,Y,Z) ~ PxPsPy z|5x and the maximum is over all Px satisfying both the distortion and cost con-

straints and (3.6a)).

Lemma 1. Given a SDMC Py zsx with state-distribution Pg, the capacity-distortion-cost tradeoff function

Cint(D, B) has the following properties.

i) Cint(D, B) is non-decreasing and concave in D > Dy, (B) and B > 0.

ii) Cine(D, B) saturates at channel capacity:

Cinf(Da B) = CNoEst(B)7 vD > DmaX(B)y (39)

16
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where Cnogst(B) = maxp, cp, I(X;Y|S) denotes the classical channel capacity of the SDMC for a given

cost B, and Dyax(B) denotes the corresponding distortion

Dinax(B) 1= Y _ P, (z)c(), (3.10)
zeX

for Px,,.. = argmaxp _cp. [(X;Y).

Proof: The proof is a straightforward extension of [33, Corollary 1] to the case of two cost functions and the
state dependent channel. The nondecreasing property follows immediately from the definition in (3.8) because we
have Pp, € Pp, and Pg, C Pg, for any D; < Dy and B; < Bs.

In order to verify the concavity of Cins(D, B) with respect to (D, B), we consider time-sharing between two
input distributions, denoted by P)((1 ) and P)((2 ), that achieve Ciy¢(D1, B1) and Cine(D2, B2), respectively. To make the
dependency of the mutual information with respect to the input distribution more explicit, we adapt the following
notation: for any pmf Py over the input alphabet X, let Z(Px, Py|xg) := I(X;Y) for (S, X,Y) ~ PsPx Py|xs-

For any 6 € (0, 1), we have:

0Cint(D1,B1) + (1 — 0)Cint(D2, B2) @ oz (P)((l)7 PY\XS) +(1-0)Z (P_)((2)7 PY\XS)

®)
<7 (ap)((” +(1-0)P?, Py|XS)

) Cint (9D1 + (1 — 6)D2, 6B, + (1 — 6)B) . (3.11)

where (a) follows by definition, (b) follows from the concavity of the mutual information functional with respect to

)

the input distribution, (c) follows by the linearity of the constraints and because for any k£ = 1, 2 the pmf P)(? has
expected cost no larger than By, and expected distortion no larger than Dy,.
This establishes the concavity of Ciy¢(D, B). [ |

3.3 Main Results

The main result of this chapter is an exact characterization of C(D, B). We begin by describing the optimal estimator
h, which is independent of the choice of encoding and decoding functions, and operates on a symbol-by-symbol

basis, i.e., it computes estimate S only in function of X; and Z; but not of the other inputs and feedback signals.

17
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Lemma 2. Define the function

§(z,z) == argmir}ZPS‘XZ(sm,z)d(s,s'), (3.12)
s'eS
seS

where ties can be broken arbitrarily and

Ps(s)Pzisx(2]s, )
b e : ) 3.13
sixz(sle, 2) > ses Ps(3)Pzisx (2[5, 2) o

Irrespective of the choice of encoding and decoding functions, distortion A™ in (3.5D)) is minimized by the estimator

R*(z™, 2") == (§% (21, 21), 8% (22, 22), . . ., 8" (X, 21))- (3.14)

Notice that the function (-, ) only depends on the SDMC channel law Py z|15x and the state distribution Ps.

Proof: See Appendix ]

Lemma 2 implies that one can focus without loss in optimality on a symbol-by-symbol deterministic estimator.

Based on (3.12)), we define the estimation cost ¢(z) of the optimal estimator

c(x) :=E[d(S,§"(X,2))|X = z]. (3.15)

We now are prepared to state the main theorem.

Theorem 1. The capacity-distortion-cost tradeoff of a SDMC Py 7|5 x with state-distribution Psg is:

C(D,B) = Cint(D,B), D > Dnin(B), B> 0. (3.16)

Proof: The proof of Theorem [I]is similar to the proof of the classic capacity-cost function [41]], except that
one also has to account for the sensing performance. Both in the converse proof and the achievability proof, this
can be accomplished by evaluating the performance of the optimal (per-symbol) estimator §*(-,-) in Lemma 2| In
particular, a standard random coding argument can be used to prove achievability of Theorem I] [ ]

Capacity of a memoryless channel is known to be achieved with i.i.d. inputs. Also because of the memoryless
nature of the optimal estimator A(-,-) in Lemma this observation extends to the joint sensing and communication
setup.

Combining Lemma|l]and Theorem 1} one can conclude that the rate-distortion tradeoff function C(D, B) is non-

18
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decreasing and concave in D > Dy,i(B) and B > 0, and for any B > 0 it saturates at the channel capacity Cnogst(B).
For many channels, given B > 0, the tradeoff C(D, B) is strictly increasing in D until it reaches Cnogst(B). However,
for SDMBCs and costs B > 0 where the capacity-achieving input distribution Py, ., = argmaxp, cp, [(X;Y | S)
also achieves minimum distortion Dy, (B) in (3.7)), the capacity-distortion tradeoff is constant C(D, B) = Cnogst(B),

irrespective of the allowed distortion D.

Remark 2. As mentioned in Remark|[I| our model includes the scenario with imperfect CSI at Rx as a special case.
Theorem is easily adapted to this special case where the Rx observes sequence S}, for (S™, S},) i.i.d. according to

an arbitrary distribution Psg,, as

cimP(D, B) = I(X;YSR) = IX;Y|S D > Dpin(B), B >0, 3.17
( ; ) ng%)a[’))éps ( ) R) ng%%)}épg ( ) | R)’ = ( ) = ( )

where (X, Sg,Y,Z) ~ 35 Px Pssy Py 7155, x and the definitions of the sets Pg and Pp are kept as in and
(3.6D), same as the definition of the function c¢(x) in (3.13).

Notice that the symbolwise estimator in (3.14) remains optimal also in this related setup.

Before going through the examples, it is beneficial to see some naive solutions, with the help of which we can

arrive at the conclusion that the ISAC scheme performs better than them.

3.4 Baseline Schemes

We review the previously introduced TS schemes with more technical details. Recall that the Basic TS scheme

time-shares between the following modes:

* Sensing mode without communication (achieves rate-distortion pair (0, Dyin (B)))

The input pmf Py is chosen to minimize the distortion:

Px . :=argmin Z Px(x)e(x), (3.18)

PxePp

and thus the minimum distortion Dyy;, (B) defined in (3.7) is achieved. Communication rate is zero.

» Communication mode without sensing (achieves (Cnokst(B), Dirivial (B)))

19
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The input pmf Py is chosen to maximize the rate:

Px,.. =argmax [(X;Y), (3.19)
PxePgs

and this mode thus communicates at a rate equal to the channel capacity Cnogst(B). The estimator is set to a

constant value regardless of the feedback and the input signals. The mode thus achieves distortion
Diriviai(B) := min Z Ps(s)d(s, s"). (3.20)

s'eS seS

The Improved TS scheme time-shares between the following two modes.

* Sensing mode with communication (achieves (Rmin(B), Dmin(B)))

The input pmf Px is choosen according to (3.18) to achieve the minimum distortion. The chosen pmf Px

min

can achieve the following communication rate:

Rmin := I (Xmin; Y), for Xpin ~ Px (3.21)

min *

* Communication mode with sensing (achieves (CNokst(B), Dmax(B)))

The input pmf Px,_,_ is chosen as in (3.19) to maximize the communication rate. The mode thus commu-
nicates at the capacity Cnogst(B) of the channel. Sensing is performed by means of the optimal estimator in

(3.12). The mode thus achieves distortion

Dmax = Z Px_..(x)e(x), for Xmax ~ Px,..- (3.22)
rxeEX

It is worth noticing that for any cost B > 0, the two operating points of the two modes in the Improved
TS scheme, (Rpin(B), Dmin(B)) and (Cnokst(B), Dmax(B)), also lie on the capacity-distortion-cost tradeoff curve
C(D, B) presented in Theorem |I} These two points are extreme operating points of optimal ISAC schemes. As
we will see at hand of the following examples, all other operating points of the Improved TS scheme are typically

suboptimal compared to an optimal ISAC scheme.

20



CHAPTER 3. AN INFORMATION-THEORETIC MODEL AND RESULTS 21

3.5 Examples

To evaluate Theorem|[I|without unnecessary complication, we assume perfect CSI at Rx. The capacity-cost-distortion

tradeoff thus is given by (3.17) for Sgp = S.

3.5.1 Binary Channel with Multiplicative Bernoulli State

Consider a channel Y = SX with binary alphabets ¥ = S = ) = {0, 1} and where the state S is Bernoulli-g, for
q € (0,1). The feedback to to the Tx is perfect Y = Z and Hamming distortion measure d(s, §) = s & § is used for
sensing. No cost constraint is imposed.

The following corollary specializes Theorem[I]to this example.

Corollary 1. The capacity-distortion tradeoff of a binary channel with multiplicative Bernoulli state is given by

D
C(D) = qHy <mm{q, - q}> ; (3.23)

where Hy(p) denotes the binary entropy function. In other words, the curve C(D) is parameterized as

{(C = qHy(p), D = pmin{g,1 —q}): p €[0,1/2]}. (3.24)

Proof: Since Y is deterministic given (S, X ), and it equals 0 whenever S = 0, so following equalities are

valid:
I(X;Y,8)=I1I(X;Y |S)=Ps(0)HY | S=0)+Ps(1)H(Y | S=1) = Ps(1)H(X). (3.25)
Setting p := Px(0), following is obtained
I(X;Y [ S) = qHy(p). (3.26)
To calculate the distortion, notice the optimal estimator §*(-, -) in Lemma sets

Z, ifr=1
§(z,2) = (3.27)

argmaxge o1} Ps(s), ifz=0.

In fact, whenever x = 1 the Tx acquires full state knowledge because z = y = s. In this case ¢(z = 1) = 0. For
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22 3.5. EXAMPLES

x = 0, the Tx does not receive any useful information about the state and hence uses the best constant estimator,

irrespective of the feedback z. In this case,

c(r=0)=E d(S, argmax PS(3)> ’X =0| = min Ps(s) = min{q, 1 — g}, (3.28)
s€{0,1} s€{0,1}

where the independence of .S and X is used. The expected distortion of the optimal estimator thus evaluates to:

D= Px(z)c(x) = Px(0)c(0) = pmin{q, 1 — q}. (3.29)
n
0.4
0.3F

0.1} —C(D) of Corollary 1
Improved TS scheme
--- Basic TS scheme

01 02 03 04
D,

Figure 3.3: Capacity-distortion tradeoff of the binary channel with multiplicative Bernoulli state of parameter ¢ =
0.4.

The capacity-distortion tradeoff of Corollary [I]is illustrated in Fig. [3.3] for state parameter ¢ = 0.4. The figure
also presents the performances of the two baseline TS schemes, which perform significantly worse than the optimal
ISAC scheme. In the following, we derive the performance of the TS schemes. This example with a derivation of
the parameters of the TS schemes is concluded.

The capacity-achieving input distribution for this channel is easily found as Py, (0) = Px,. (1) = 1/2, and
by (3.26) and (3.29) one can find Cnogst = ¢ and Dpax = min{g, 1 — ¢}/2. Minimum distortion Dp;, = 0 is
achieved by always sending X = 1, i.e., Px,_. (1) = 1 and Px,, (0) = 0, in which case Dp,ijn = 0 and Rpyin = 0,
see also and (3.29). The Improved TS scheme thus achieves all pairs on the line connecting the two points
(0,0) with (¢, min{q, 1 — ¢}/2). To determine the performance of the basic TS scheme, recall that the best constant

estimator (that does not consider the feedback) which is 5¢onst = argmax,. (0.1} Ps(s) , which allows to conclude
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that Dyiviat = min{q, 1 — ¢}. The basic TS scheme thus achieves all rate-distortion pairs on the line connecting the

points (0,0) and (¢, min{q, 1 — ¢}).

3.5.2 Real Gaussian Channel with Rayleigh Fading

In this example, the real Gaussian channel with Rayleigh fading is considered:
Y; = 5;X; + N, (3.30)

where X is the channel input satisfying lim,, s % >, E[|X:]?] < B = 10dB, and both sequences {N;} and {S;}

are independent of each other and i.i.d. Gaussian with zero mean and unit variance. The Tx observes the noisy

feedback
Zi =Y; + Nps, (3.31)

where { N, ; } are i.i.d. zero-mean Gaussian of variance Jbe > 0. Consider the quadratic distortion measure d(s, §) =
(s —3)%
First, the two operating points achieved by the Improved TS baseline scheme are characterized. The capacity of

this channel is achieved with a Gaussian input X, ~ N (0, B), and thus the communication mode with sensing

achieves the rate-distortion pair

CnoEst(B) = %E [log(1+ |S|°B)] = 1.213, (3.32)

0.8+

2

g

& 0.6

O I == Basic TS
04! -« Improved TS | -

—ISAC scheme| |

0.2+

0.15 025 035 045 055 065 075 085 0095
Distortion

Figure 3.4: Capacity-distortion tradeoff of fading AWGN channel B = 10 dB and olgb =1
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(1+02)
1+ | Xmax|? + 03

Dpnax(B) = E = 0.367, (3.33)

where they have set algb = 1 and P = 10dB to obtain the numerical values. Minimum distortion Dy, is achieved by
2-ary pulse amplitude modulation (PAM), and thus the sensing mode with communication achieves rate-distortion

pair
1+ af2b

Ruin(B) = 0.733, - Duin(B) = 5= 07

= 0.166, (3.34)

where the numerical value again corresponds to o, = 1 and B = 10dB. Next, they characterize the performance of
the basic TS baseline scheme. The best constant estimator for this channel is § = 0, and the communication mode
without sensing achieves rate-distortion pair (CNogst(B), Diivial(B) = 1). The sensing mode without communication
achieves rate-distortion pair (0, Dyin(B)).

In Fig. [3.4] the rate-distortion tradeoff achieved by these two TS baseline schemes is compared with a numerical
approximation of the capacity-distortion-cost tradeoff C(D, B) of this channel. As previously explained, C(D, B)
also passes through the two end points (Rpyin(B), Dmin(B)) and (Cnogst(B), Dimax(B)) of the Improved TS scheme.
To obtain a numerical approximation of the points on C(D, B) in between these two operating points they use the

Blahut-Arimoto type [1]]. Specifically, the input alphabet is quantized to a M = 16-ary PAM constellation
Xy ={@Cm—-1-M)k,m=1,--- M}, (3.35)

where k 1= \/m . The Gaussian noise [V is quantized with a centered equally-spaced 50-points alphabet,
and the state .S is quantized by applying an equally-spaced 8000-points quantizer on the Chi-square distributed
random variable S2. Denoting the quantized input, noise, and state by Xg, Ny, and S, they keep the multiplicative-
state, additive-noise channel model to generate the channel outputs used to run Algorithm 1 to obtain the numerical
approximations:

Yy = SqXq + Ny (3.36)

3.6 Related Information-Theoretic Works on P2P ISAC Systems

In this section, we first review related information-theoretic works. We start in Subsection[3.6.1] with a model that is
similar to the one in Section but where the state does not consist of a sequence but only of a single parameter.
In the following Subsection [3.6.2] we again consider i.i.d. state-sequences, but state estimation is performed at the

Rx while the Tx may have access to some side-information.
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3.6.1 Slowly-Varying State

Reconsider the model introduced in Section3.1] where now the state varies slower than the blocklength of commu-

nication [26-28|] and is thus modeled as a single parameter

Sy =8, (3.37)

Sy =--- =8, =051, (3.38)

where S is distributed according to Pg. In this model, the Tx produces a single estimate of the state as

~

S = h(X", 2. (3.39)

The model is depicted in Figure [3.5] where notice the switch from the Estimator to the Encoder, which indicates
whether this latter can produce its channel input X; also as a function of the past feedback outputs 71, ..., Z;_1.
Both scenarios, with closed and open switch, have been considered in the literature. Closed-switch systems are
sometimes referred to as adaptive or closed-loop coding and mono-static radar, and open-switch systems as non-

adapative or open-loop coding or bi-stating radar. In our previous model in Section the switch was closed.

&4— Est. |[———

W—»| Enc. —»| Pyzisx |—»| Rx [—» W

Figure 3.5: The slow-varying state channel.

The performance of the system is measured in terms of the asymptotic rate of reliable communication and

asymptotic detection-error exponent which we discuss shortly.

25
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Definition 3 (Definition 2, [28]]). For any s € S, define the state-dependent error probabilities as

Pc’s 2 max Pr[g(Yn) #w ’ W=w,S= S], (3.40)

)

Py, 2 le' SOPHR(Z", X) £ 5| W =w, S = ], (3.41)
w

A rate-detection-error exponent (R, D) is achievable if for any ¢ > 0, there exists a sufficiently large n and 2™ code

so that for any s € S:

Py <e, (3.42)

ER, >D—¢ (3.43)

where the state-dependent error exponent is defined as £ = —% log P} ..

Theorem 2 (Theorem 5, [28|)). If the switch in Figure is closed, then the set of all rate-detection-error exponent

pairs contains all pairs (R, D) satisfying

R<I(X;Y), (3.44)
D < s(pae), (3.45)

for some Px, and where
s(Px) = 2171&1;1 nax = Z Px(z)log (Z Pyixs(z|z, s) Pyyxs(z|z, s)' 7). (3.46)

Theorem 3 (Theorem 3, [28]]). If the switch in Figure is open, then the set of all rate-detection-error exponent

pairs is given by

R<minI(X;Y), (3.47)
sE€S
D < ¢(pa)s (3.48)
where
Py) = minmi NP 1 P lp NI=1y, 3.49
¢(Px) mip min max zx: ¥ () og(g: 21xs(2|2, 8)(2) Pyxs(z]z, ') 7) (3.49)
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The open loop system with a binary state |S| = 2 was independently also solved in [26,27], but for setups where

only the feedback channel depends on the state but not the forward channel, i.e., where

Pyzxs = Py|xPzxs- (3.50)

The work in [26] also considered the openloop system with Gaussian channels.

Reference [28] also discusses the benefits of adaptive over non-adaptive coding, i.e., they prove that the set of
(R, D) pairs described in Theorem [2|is strictly larger than the set in Theorem [3] Notice that this property depends
on the assumption of the constant state sequence S; = ... = .5,. In fact, as we had discussed previously, under our

i.i.d. state-assumption adaptive and non-adaptive coding schemes perform equally well.

3.6.2 Sensing at the Rx

Consider a model similar to Section [3.1] where a Tx wishes to communicate over a P2P SDMC to a Rx, which now
also wishes to estimate the channel state as we illustrate in Figure The encoder might have a side-information

on the state-sequence S™ which is now again assumed i.i.d. according to a given Pg. Depending on what side-

information is available at encoder, we define an (2"R, n) code to consist of
Si—l/sn
key
v
X; )
W — Encoder > PY|XS > Integrated Decoder >
& Estimator —»
S;

Figure 3.6: Joint communication and Rx channel estimation.

1. adiscrete message set W of size [W| > 2"R;
2. sequence of encoding functions {¢;} that

* in case of no CSI [33}/42] is of the form

bW — X, fori=1,2,...,n, (3.51)
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e in case of state communication [22] is of the form
Gi: ST x, fori=1,2,...,n, (3.52)
* in the case of strictly causal state communication [22] is of the form
Gi: Wx S 5 x, fori=1,2,...,n, (3.53)
* in the case of causal state and message communication [22], is of the form
Gi: Wx S — X, fori=1,2,...,n, (3.54)
* in the case of noncausal CSI and message communication [43] is of the form
oi WxS" = X, fori=1,2,...,n (3.55)

3. adecoding function g: V" — W,
4. astate estimator h: V" — 8™, where S denotes a given finite reconstruction alphabet.

For a given code and for ¢« = 1,...,n, the random message W is assumed uniform over the message set VW
and the inputs are obtained as X; = ¢;(W, Z) where Z denotes the encoder side-information (CSI), i.e., Z = ),
Z=58"1,7=80orZ=5S"

In [22]|3311421-44], the quality of the state estimation is measured by the expected average per-block distortion as
in (3.1I) which we recall here

AU = E[d(S", 5] = = > E[d(S;, Si)]. (3.56)

An achievable pair (R, D) is defined similar to Definition[I|but where the cost constraint is only present in the
Gaussian case. We shall later explain a different sensing performance introduced in [|30]], which is measured in terms

of the probability of a list decoding error and modify the achievability-definition accordingly, see Definition [4]

The Expected Average per-Block Distortion

The models introduced in [22}33,/42-44] are mainly differ with respect to the side-information available at the

encoder, see (3.51)-(3.53).
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We first commence with the model introduced in [33l42]] where there is no state-information at the Tx and
the encoding function is as in (3.51)). This model is the dual to the model introduced in Section [3.1] and the main
theorem of [42] is similar to Theorem[I] The optimal estimator at the Rx is symbol-by-symbol based on the observed

sequence of outputs and the decoded codeword.

Theorem 4 (Theorem 1, [33,142]]). When the Tx has no CSI, the capacity-distortion function is given by

CNo-cs1 1= phax I(X;Y), (3.57)
where
Po = {PX S (@) Eld(S, 5(X, V)] < D}, (3.58)
reX

s*(+, ) is the optimal estimator introduced in (3.12)), with Z replaced by Y .
As an example in [33]], they looked at the Gaussian channel where the distortion is measured in MSE.

Corollary 2. The tradeoff region for a SDGC (state-dependent Gaussian channel) with no CSI at Tx is the union of

: Gaus. Gaus. .
all pairs (R &g, DRAGsp) satisfying

Riatsgy = log (1 + ) (3.59)

P
N+Q
QN
DGaus. > ) i
No-CSI — Q +N (3 60)

Also, similar results are provided for the MAC in [42].

Consider next the problem with strictly causal and causal CSI at the Tx, i.e., where the encoding function is
presented in (3.53)). These setups were considered in [22]].

We denote its capacity-distortion functions by Cs¢r— caus-

Theorem S (Theorem 2, [22]). The capacity—distortion function for strictly causal state communication is

CStrcaus, = _ MAX (I(U,X;Y)—I(U,X;S)), (3.61)

Px Py xs
where the estimator is reconstruction functions $(u, x,y) such that E[d(S, §(u,x,y))] < D.

Moreover, by choosing V' = X and U = () the result also reproduces the case in [33]. As a special case,

Theorem [5]is simplified to following theorem where there is no message to transmit.
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Theorem 6 (Theorem 3, [22]). The capacity—distortion function for causal state communication is
Ccaus.(D) = max (I(U, VyY)-—I(U,V; S)) (3.62)

where the maximum is over all conditional pmfs Py Pyy,g and functions x(v, s) and reconstruction functions

$(u,v,y) such that E[d(S, §(u,v,y))] <D.

Note that by setting V' = X in this theorem, the capacity—distortion function for strictly causal communication
in[3.61]is recovered. It has been proved that rate splitting between information transmission and state communication
at Tx achieves optimal tradeoff.

The following theorem gives upper and lower bounds on the capacity—distortion function when the encoder has

access to noncausal state at Tx as in (3.33).

Theorem 7 (Theorems 1 and 2, [43]]). The capacity—distortion function for non-causal CSI is bounded by

max (I(U;Y) —I(U;S)) < CNon-caus. < max (I(X,S;Y) — I(U,Y;S)), (3.63)

Pu|sPzx|u,s Pu|sPx|u,s

where the maximum is over all conditional pmfs Py sPx,s and reconstruction functions $(u,y) such that

E[d(S, $(u, )] < D.

The work [44]] considers the special case of a Gaussian channel Y = X + S + Z where the state S and the
noise Z are independent zero-mean Gaussian sequences of variances () and NN, respectively, and MSE is used as a
distortion metric.

Theorem 8 (Theorem 2, [44]). The tradeoff region for a SDGC Y™ = X™(W, S™) 4 S™ + Z™ with state information

Gaus. Gaus.
R aus’D aus)

noncausally at Tx is given by the closure of the convex hull of all ( pairs satisfying

1 P
RO < log (1 + TN> (3.64)
s rP+ N
DOas: > . (3.65)
VQ++1—-r)P)2+rP+ N
The Tx shares the input power using parameter r and sends X = %S .

List Decoding Estimation

Both the causal and non-causal CSI cases were considered in [|30]], under a sensing measure given by the probability

of list decoding error Pe(g) instead of expected average per-block distortion. The Rx thus not only produces a
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message guess but also a list £,,(Y™) of possible state-sequences. If we denote by P’ the probability that 5™ is not
in L, (Y™),

P £ Pr[S" ¢ L, (YT)], (3.66)

[30] requires that this probability of error vanishes as n — oo. The list size is bounded as
L] < 27RP, (3.67)

for a given rate Rp.

Definition 4 ( [30]). A pair (R,Rp) is said to be achievable under the list-error-probability criterion if there exists

a sequence of (2™, 2"1'0 n)— codes with P = 0 and Péf;) — 0asn — oo.
In the following theorem, the Tx has access to the state sequence causally.

Theorem 9 (Theorem 2, [30]). The tradeoff region for a SDMC with state information causally known at the Tx is

the union of all (RC%:, RES:) pairs satisfying

RCS: — max I(U;Y), (3.68)
R%aus. < H(S), (3.69)
RCaus. | RIC)aus. <I(X,8;Y), (3.70)

Jor some Ps Py Px|ysPy|xs-

Theorem 10 (Theorem 1, [30]). The tradeoff region for a SDC with state information non-causally available at Tx

is the union of all pairs (RNon-caus- | RINon-caus.y sqtisfying
RNon—caus. < [(U, Y) _ I(U7 S)7 (3.71)
R%on—cau& < H(S), (3.72)
RNon—caus. + R%on—caus. < I(X, S; Y), (3.73)

Jor some PsPyx|sPy|xs.

Remark 3. The set of achievable pairs with causal CSI in Theorem|[9)is generally smaller than the set of achievable
pairs with noncausal CSI in Theorem [I0} This can be seen by noting that in Theorem [9 the random variable U

cannot depend on S.
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3.7 Conclusion

We revisited the first information-theoretic model and results on ISAC by Kobayashi et al. [[1]] in which a full charac-
terization of the capacity-distortion tradeoff for memoryless state-dependent P2P channels was provided. Through
several illustrative examples, we reviewed that the optimal ISAC scheme offers non-negligible gain compared to
the basic time-sharing scheme that performs either sensing or communication, as well as compared to the improved
time-sharing scheme that integrates both tasks into a single system but chooses the common waveform to prioritize
one of the tasks. The results also showed that optimal sensing depends only on the employed waveform but not on
the underlying coding scheme for the single-Tx systems studied in this chapter.
We also reviewed related works where either the state is constant over the entire blocklength and sensing perfor-
mance is thus measured either in discrimination error probability or estimation error. Completely new sensing tools
are required in this case, and interestingly, closed-loop strategies can now outperform open-loop strategies, unlike
in the i.i.d. case studied in [[1]]. We also reviewed a different line of related works that assumes that sensing is per-
formed at the receiver. Most of these works again assume i.i.d. states and use average distortion to measure sensing
performance as in [1]].

In this thesis, we formulate the tradeoff between communication and sensing in terms of the capacity-distortion
tradeoff, as suggested by [33]] and already previously used in related works. Though possibly inaccurate, it allows
for an information-theoretic treatment of the problem. The signal-processing and communications works typically

employ a dual formulation for this tradeoff allowing them to use tools from their communities.
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Chapter 4

The Broadcast Channel

In this chapter, we consider ISAC over a single-Tx two-Rx broadcast channels (BC) by building on a simple single-
Tx two-Rx communication model with a discrete memoryless channel and i.i.d. state sequences. The Tx observes
strictly causal generalized feedback signals, used for state sensing. For the P2P channel studied in the previous
chapter, feedback was only useful for state sensing but not to increase capacity of the communication channel. As
we will see, this is not the case in memoryless Broadcast Channels.

As in the main model of the previous chapters, the Tx observes generalized feedback signals, which now in the
BC setup is known to increase [[17H19]]. In fact, it enables the Tx to transmit some common information that is useful
to both Rxs at the same time (see, e.g., [20, Section 17]).

In our ISAC over BC setup, the generalized feedback thus improves both sensing and communication performances.
Nevertheless, like in the P2P setup, the two performances only depend on each other through the common choice of
the waveform. In other words, we show that the optimal state-sensing is independent of the employed BC-feedback-
code and only depends on the chosen waveform but not on other details of the code construction. This allows to base

joint coding and sensing systems on known BC-feedback code constructions such as [[17-H19].

4.1 System Model

Consider the two-Rx BC scenario depicted in Fig. #.1] The model comprises a two-dimensional memoryless state
sequence {(S1 4, 52,;) }i>1 whose samples at any given time ¢ are distributed according to a given joint law Pg, g,
over the state alphabets 1 X Sy. The Tx communicates with both Rxs over a state-dependent memoryless broadcast
channel (SDMBC), where given time-¢ input X; = x and state realizations S1; = s and S2; = s2, the time-i

outputs Y7 ; and Y5 ; observed at the Rxs and the Tx’s feedback signal Z; are distributed according to the stationary
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Zi—1
Tx <
. Yia . .
S < Est. ™ Rx1 Wy, Wy
4
X;
W(),Wl,WQ__» Enc. > PYZ\S’X
SZ' —> RX2 ‘»WO,Q,WQ
Yio

Pg

Figure 4.1: State-dependent broadcast channel with generalized feedback and state-estimator at the Tx.

channel transition law Py, y, 7|5, 5,x (*;, *|51, 52, 7). We again assume that all alphabets X', V1,)s, Z, S, Sy are
finite.

The goal of the Tx is to convey a common message Wy to both Rxs and individual messages Wi and W5 to
Rxs 1 and 2, respectively, while estimating the states sequences {51 ;} and {S5;} within some target distortions. For
simplicity, the input cost constraint is omitted.

A (2"Ro 2nR1 9nR2 n) code for an SDMBC thus consists of

1. three message sets Wy = [1 : 27Ro], Wy = [1 : 27Ri], and Wy = [1 : 27Re];

2. a sequence of encoding functions ¢;: Wy x Wi x Wy x Zi=1 = X fori=1,2,...,n;

3. for each k = 1,2 a decoding function gy : V' — Wy X Wi;

4. foreach k = 1,2 a state estimator hy,: X" x 2" — S”, where Sy and S, are given reconstruction alphabets.

For a given code, we let the random messages Wy, W1, and W5 be uniform over the message sets W, Wi, and
W and the inputs X; = ¢;(Wy, W1, Wy, Zi_l), fori = 1,...,n. The corresponding outputs Y7 ;Y5 ;, Z; at time ¢
are obtained from the states S7; and S ; and the input X; according to the SDMBC transition law Py, y, 7|91 82X -
Further, for k = 1,2 let 57 := (Sk,l, e ,S'km) = hi(X™, Z™) be the Tx’s estimates for state S}’ and (W07k, Wk) =
g1 (Y}") the messages decoded by Rx k. The quality of the state estimates 5’,? is again measured by bounded per-

symbol distortion functions dj, : Sy X Sy [0,00), i.e., we assume

max dk<3k7§k) <oo, k=12 “4.1)
Sk ESk,5KESK
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Our interest is in the two expected average per-block distortions

n 1 = A
Al = =D Eld(Ski Sea)l, k=12, (4.2)
i=1
and the joint probability of error
P i Pr( (Wo, W1) # (Wo, W1) - or - (Wo, W) # (Wo, W2)). (4.3)

Definition 5. A rate-distortion tuple (Ro,R1,R2,D1,D2) is achievable if there exists a sequence (in n) of

(2"R0, 2nRy onR2 0 codes that simultaneously satisfy

lim P™ =0 (4.4a)
n—0o0
im A <Dy, fork=1,2. (4.4b)
n—oo

Definition 6. The capacity-distortion region CD is given by the closure of the union of all achievable rate-distortion

tuples (Ro, Rl, RQ, Dl, D2)

4.2 Main Results

In this section, we present bounds on the capacity-distortion region CD. As in the single-Rx case, one can easily
determine the optimal estimator functions h; and ho, which are independent of the encoding and decoding functions

and operate on a symbol-by-symbol basis.

Lemma 3. For each k = 1,2, define the function

§Z(3§‘, Z) ‘= arg IIHII} Z PSk|XZ(Sk|x7 Z)d(5k78/)7 (4.5)
8/ €Sk Sk ESK

where ties can be broken arbitrarily.
Irrespective of the choice of encoding and decoding functions, distortions Agn) and Agn) are minimized by the

estimators for k = 1,2
hi(x", 2") = (8;(z1, 21), S5 (22, 22), - . ., 85 (Tn, 2n)). (4.6)

Proof: Analogously to proof in[A.2.4] [ |
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Analogously to the definition in Equation (3.135) we can then define the optimal estimation cost for each input
symbol z € X
cx(z) = E[dy(Sk, $3(X, 2))|X = «], k=1,2. 4.7)

Characterizing the capacity-distortion region is very challenging in general, because even the capacity regions of
the SDMBC with and without feedback are unknown to date. We first present the exact capacity-distortion region for
the class of physically degraded SDMBCs and then provide bounds for general SDMBCs. We shall also compare our
results on the capacity-distortion regions to the performances achieved by simple TS baseline schemes, in analogy

to the single-Rx setup.

4.2.1 Physically Degraded SDMBC: The Capacity-Distortion Region

This subsection characterizes the capacity-distortion region for physically degraded SDMBCs and evaluates it for

two binary examples.

Definition 7. An SDMBC Py,y, 7|5, 5, x With state pmf Ps, s, is called physically degraded if there are conditional

laws Py, |xs, and Ps,y,|s,y, such that

Pyiv519,9,x Ps18, = Ps, Py, 15, x Ps,vs9,v1 - (4.8)

That means for any arbitrary input Py, the tuple (X, S1,52,Y1,Y2) ~ PxPs,5, Py y,|s,5,x Satisfies the Markov
chain

X ——(S51,Y1)—o—(52,Y2). 4.9

Theorem 11. The capacity-distortion region CD of a physically degraded SDMBC is given by the closure of the set
of all tuples (Ro, R1, Ra, D1, D2) for which there exists a joint law Py x so that the tuple (U, X, S1, S2,Y1,Y2,Z) ~

Pux Ps, s, Py,v,7|s, 5, x satisfies the two rate constraints

R < I(X:Y1|U) (4.10)
Ro +Re < I(U; Y2), (4.11)

and the distortion constraints
E[dk(Sk, $5(X,Z2))] <Dy, k=1,2. 4.12)

36



CHAPTER 4. THE BROADCAST CHANNEL 37

Proof: The achievability can be proved by standard superposition coding and using the optimal estimators in
Lemma 3] The converse also follows from standard steps and the details are provided in Appendix [A.2.1] ]
As mentioned in the proof, data communication is performed by simple superposition coding that ignores the
feedback. Thus, also for physically degraded BCs feedback only facilitates state sensing but is useless for commu-

nications.

Remark 4. Similarly to the single-Rx case, an input cost-constraint as in (3.5¢) can be added to our model. Theo-

rem|l I\ remains valid in this case, if the choice of the input distribution Py is limited to satisfy the cost constraint

> Px(x)b(z) < B. (4.13)

TEX

The analogous remark also applies to the non-physically degraded BC ahead and the presented inner and outer

bounds.

Remark 5. Similarly to what we described in Remark[2] the result in Theorem[I1| can be extended to the case with
imperfect Rx state-informations St | and St 5. For (S", S} 1, Sk ,) iid. ~ Pssy sy, it suffices to replace in
the rate-constraints (.10) and (@.T1) of Theorem [l 1| the state S1 by Sg1 and the state Sz by Sg 2. The analogous

remark also applies to the non-physically degraded BC ahead and the presented inner and outer bounds.

Before evaluating Theorem [ 1] for two examples, we present details for the basic and the improves TS scheme

for this BC setup.

4.2.2 Baseline Schemes

We again have a basic TS scheme that performs either sensing or communication at a time, and an improved TS
baseline scheme that is able to perform both functions simultaneously via a common waveform by prioritizing
either sensing or communication. Analogously to the single-Rx setup, each of the two baseline schemes time-shares
between a sensing mode and a communication mode. However, since we now have two distortions and three rates,
the choice of the “optimal" pmf Px for each mode is not necessarily unique, but rather a continuum, depending on
which function of the two distortions or the three rates one wishes to optimize. For fixed input pmf, the difference
between the communication mode without sensing (employed by the basic TS scheme) and the communication mode
with sensing (employed by the improved TS scheme) lies in the choice of the estimators. In the former mode, the Tx
applies the best constant estimators for the two state-sequences, irrespective of its inputs and feedback outputs. In

the latter mode, it applies the optimal estimators in Lemma [3] which depend on the input and the feedback output.
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38 4.2. MAIN RESULTS

Similarly, the difference between the communication modes without and with sensing is that in the former all rates

are zero and in the latter the chosen input pmf Px can be used for communication at positive rates.

Example 3: Binary BC with Multiplicative Bernoulli States
Consider the physically degraded SDMBC with binary input and output alphabets X = ); = )Y, = {0, 1} and
binary state alphabets S; = Sa = {0, 1}. The channel input-output relation is described by

Yi = Sk X, k=12, (4.14)

with the joint state pmf

1—gq, if (s1,52) = (0,0)

0, if (s1,s2) = (0,1)
Ps,s,(s1,52) = (4.15)

a7y, if (s1,52) = (1,1)

q(1 —~) if (s1,s2) = (1,0),

for v,¢q € [0, 1]. Notice that S is a degraded version of S1, which together with the transition law (4.14) ensures
the Markov chain X —o—(.S1, Y;)——(S2, Y5) and the physically degradedness of the SDMBC. We consider output
feedback

Z=(V1,Ya), (4.16)

and set the common rate Ry = 0 for simplicity. We first introduce TS schemes, then we present the ISAC in
Corollary [3] for the same example.

In this SDMBC, zero distortions D; = D2 = 0 can be achieved by deterministically choosing X = 1 exactly as
for the single-Rx case. This choice however cannot achieve any positive communication rates, i.e., Rf = Ry = 0. In

the sensing mode with and without communication, we thus have:

(R1, Rz, Dy, D2) = (0,0,0,0). (4.17)

The optimal input distribution for communication is Xmax ~ B(1/2), in which case all rate-pairs (R, Rz)
satisfying

R < Ps, (1), k=12, (4.18)
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are achievable. The input X, ~ B(1/2) simultaneously maximizes both communication rates Ry, R.

In the communication mode without sensing, the Tx applies the optimal constant estimator for each state, namely

Sconst,k := argmax Pg, (8), k=12, (4.19)
3e{0,1}
and thus achieves all tuples
(Rla R27 D17 D2) = (qr, 'YQ(l - T)a Dl,maX7 D2,max) (420)

where Dj pax := min{q, 1 — ¢} and Dg max := min{~ygq, 1 — ¢}, and r € [0, 1] denotes the time-sharing parameter
between the two communication rates.

In the communication mode with sensing, the same input Xy,.x is used. The Tx however applies the optimal
estimator for k = 1, 2:

Yk ifr=1
8p(y1,y2) = 4.21)
éconst,kv ifx = 07

and achieves the tuple

(4.22)

D max D max
(R1,R2,D1,D2) = (qr,vq(l—r), Lmax D2ma >

2 72

where r again denotes the time-sharing parameter between the two communication rates.
The basic and improved TS baseline schemes achieve the time-sharing lines between points and

and points and (@.22)), respectively. The following corollary evaluates Theorem [I1]to obtain the performance

of the optimal co-design scheme.

Corollary 3. The capacity-distortions region CD of the binary physically degraded SDMBC in (&.14)-{@.16) is the
set of all tuples (Ro, R1, Ra, D1, D2) satisfying

Ro + R1 < gHy(p)r, (4.23a)
Ro + Re < vqHy(p)(1 — 1), (4.23b)
D; > pmin{q, 1 — g}, (4.23¢)
Dy > pmin{~q, 1 — vq}, (4.23d)

for some choice of the parameters r,p € [0, 1].
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Improved TS
.- TS

0.3

0.2

Ry

0.1

0.2
R 06 0 D,

Figure 4.2: Boundary of the capacity-distortion region CD for Example 3 in Subsection

Proof: We start by noticing that for this example I(X;Y; | U,S1) = ¢H(X|U) and I(U;Y> | S2) =

qy(H(X) — H(X | U)). Setting p := Px(0) and r := H}S)(()‘g), directly leads to the desired rate constraints. The

distortion constraints are obtained from the optimal estimators in (4.21). Following the same steps as in the single-Rx

case, i.e. (3.28) and (3.29), we obtain
Dk > pmin{ng (O)a PSk (1)}7 (424)

which concludes the proof. n

Notice that above Corollary reduces to Corollary |1|in the special case of Ry = Ry = 0 and Dy = o0, i.e.,
when we ignore Rx 2. Fig. d.2] shows in red color the boundary of the projection of the tradeoff region CD of this
example onto the 3-dimensional plane (R1, Ra, D1), for parameters v = 0.5 and ¢ = 0.6. The tradeoff with Dy is
omitted for simplicity and because Ds is a scaled version of D;. The figure also shows the boundaries of the basic
and improved TS baseline schemes. We again notice a significant gain for an optimal co-design scheme compared
to the TS baseline schemes.

So far, there was no tradeoff between the two distortion constraints D1 and Ds. This is different in the next

example, which otherwise is very similar.

Example 4: Binary BC with Multiplicative Bernoulli States and Flipping Inputs

Reconsider the same state pmf Pg, g, as in the previous example, but now an SDMBC with a transition law that flips

the input for Rx 2:

Vi =51X, Yy=5(1-X). (4.25)
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As in the previous example we consider output feedback Z = (Y7, Y3).

Corollary 4. The capacity-distortion region CD of the binary SDMBC with flipping inputs in (4.25) and output
feedback is the set of all tuples (Ry, R1, Ra, D1, Do) satisfying

Ry < qHy(p)r, (4.26a)
Ro + Ry < vgHy(p)(1 — 1), (4.26b)
Dy > pmin{g(1 —~), (1 — q)}, (4.26¢)
D2 > (1 —p)gmin{y,1—~}, (4.26d)

for some choice of the parameters r,p € [0, 1].

The capacity-distortion region expression above captures the tradeoffs between the two rates through the param-
eter r, between the rates and the distortions through the parameter p, and between the two distortions through the
parameter p.

Comparing above Corollary @] to the previous Corollary [3] we remark the identical rate constraints and the
relaxed distortion constraints for both Dy and D in Corollary @ The reason is that the flipping input allows the Tx
to perfectly estimate S; from (X, Y7, Y5) not only when X = 1 but also when X = 0 and Y2 = 1 because they
imply that Sy = 1 and by @.13) also S; = 1.

Proof: The proof is similar to the proof of Corollary [3| except for the description of the optimal estimators.
To determine these optimal estimators, we remark that only four input-output relations are possible: (x,y1,y2) €
{(0,0,0),(0,0,1),(1,0,0),(1,1,0)}. Moreover, when X = 1, then Y3 = S1, and when X = 0, then Y2 = Ss. In
particular, when X = 0 and Y5 = 1, then Sy = 1 and also S; = 1, see (@.15). The optimal estimator for state S
thus is:

Y1, ifx=1

81 (2, y1,02) = 1, if (z,y2) = (0,1) (4.27)

argminPg, s, (s[0), else,
S

and §7(X,Y1,Y2) = Spunless X = 0, Yo = 0, and S7 # argming P51|S2(s|0), which is equivalent to (X =
0,52 = 0) and Sy # argmins Pg, g, (s]0). This yields ¢1(1) = 0 and because S is independent of X:

¢1(0) = Ps,(0) min Pg, s, (]0). (4.28)
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Recalling p = Px (0), we readily obtain the distortion for state Sy:
D; = pmsin Ps, 5,(5,0) = pmin{q(1 —~v),1 —¢}. (4.29)

The optimal estimator and the corresponding distortion for state .So can be obtained in a similar way. [ |

4.2.3 General SDMBC: Bounds on the Capacity-Distortion Region

In the remainder of this section, we reconsider general SDMBCs, for which we present bounds on CD. We start with

a simple outer bound.

Theorem 12 (Outer Bound on CD). If (Ro, Ri, Rz, D1, D2) lies in CD for a given SDMBC Py,y, z|s,s,x With
state pmf Ps, s,, then there exist pmfs Px, Py, x, Py, x such that the random tuple (Uy, X, S1,S2,Y1,Y2,Z) ~

Py x Px Ps,s, Py v, 7|5, 5, x Satisfies the rate constraints

Ro+ Ri < I(U;Yx), k=12, (4.30a)
Ro + Ri + Re < I(X;Y1,Y2), (4.30b)

and the average distortion constraint
E[dk(Sk, $3(X,2))] <Dy, k=1,2, (4.31)

where the function §}(-, -) is defined in (4.5).

Proof: See Appendix[A.2.2] [
Achievability results are easily obtained by combining existing achievability results for SDMBCs with general-
ized feedback with the optimal estimator in Lemma[3] We consider the block-Markov coding scheme in [17]], which

combined with the optimal estimator in Lemma 3] yields the following proposition.

Proposition 2 (Inner Bound on CD). Consider an SDMBC Py,y,zs,s,x with state pmf Ps,s,.  The
capacity-distortion region CD includes all tuples (Ro,Ri,Ra,D1,D2) that satisfy inequalities (¢.32) on top
of this page and the distortion constraints (A31).  where (Uy,U1,Us, X, 51,52, Y1,Y, Z, Vi, V1, Vo) ~
Puou,v,x Psy 8, Py vy 219, 5. x Pvoviva|UgU U2 2o for  some  choice  of  (conditional) pmfs  Pyyu,v,x and

PVOVlVQ‘UOUlUQZ'
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Ro + Ri < I(Uo, U1; Y1, Vi) — I(Uo, U1, Ua, Z; Vi, Vi | Y1) (4.32a)
Ro + Ra < I(Uy, Ua; Yo, Vo) — I(Uy, Uy, Ua, Z; Vi, Vo | Ya) (4.32b)
Ro + Ri 4+ Ry < I(Uy; Y1, Vi|Up) + I(Usa; Yo, Va | Up) + kgﬁ%} I(Uo; Yy, Vi) — I(U1; Us | Up)

_I(U07U17U27Z; Vl ’ ‘/07}/1) - I(UOaUlaUQaZ;‘/é‘%aYé)

— max I(Uy,Uy,Us, Z; Vyy | Yi) (4.32¢)
ke{1,2}
2Ro + R1 + Ry < I(Uo, Ur; Y1, Vi) + I(Uo, Us; Y2, Vo) — I(Ur; Uz | Uo)
_I(U07U17U27Z;‘/07‘/1 | Yl) - I(U();Ul;UQ;Z;‘/baVQ ‘ YQ) (432d)

Proof: See [17] for the proof. Here, we bring the coding scheme for the BC with generalized feedback in [|17]]
The scheme in [[17] combines Marton’s no-feedback scheme with LGW-SI (Lossy Gray-Wyner scheme with Side-
information) scheme using a block-Markov framework. Transmission takes place over consecutive blocks, where
the first B blocks are of length n and the last block is of length yn for v > 1. We denote the input, output, feedback
sequences in Block b € {1,--- B} by X, Y1 1), Ya,(), Z(v) Tespectively, and the input, output sequences in Block
B +1by XEBH)’ Yll,(B+1)’ Y5 (B+1)y- The messages to be sent are in a product form Wy, = (W, (1), -+, Wy, (B)),
for k € {0,1,2}, where each message of each block is uniformly distributed over a message set. At the end of
block b , after observing the feedback Z;) and with its block-information b Uy ), Uy (1), Ua, 1) the Tx applies
lossy Gray-Wyner coding [45] according to the conditional law Py, v, v;|1,v, 1, 7 to generates the update information
Vo,v)s V1,8)s Va,(») - In the following block b+1, the Tx then uses Marton’s no-feedback scheme to send the Messages
Wo,(+1)> W1, (0+1)s Wa,(b41) together with update information Vg ), Vi (), V2,5 (see also Fig . Decoding is
performed backward, starts from the last block. Each Rx £ first tries to decode update information of the last block
Y_/( B+1) = (VO’( B+1)» Viy( B+1)) (because there is no new information in the last block) from Y}, (p11). Then, Rx k

attempts to decode the new information in block B by using the decoded update information of block B + 1, and

this procedure in a backward manner. [ |
Block: 1 b b+1 B+1
— — " — = —
- ‘7(1171) V(b) ‘7(B+1)
Un Ut Ulp+1)- -

Figure 4.3: Backward decoding for block Markov coding used in Proposition

In the following subsections, we evaluate the proposed inner and outer bounds on CD for two examples and

identify setups where the provided bounds allow us to conclude that no tradeoff between the achievable rates and
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distortions occurs.

4.2.4 No Rate-Distortion Tradeoff

Notice that for some SDMBCs there is no tradeoff between the achievable distortions and communication rates. In
this case, for the BC, the capacity-distortion region is given by the Cartesian product between the SDMBC’s capacity

region:

C .= {(Ro, R1, RQ)Z D; >0, Dy >0 s.t. (Ro, R1,Rs, Dy, DQ) S CD}, (4.33)

and its distortion region:

D .= {(Dl, Dg): Ro >0, R{ >0, Ry > 0st.t. (Ro, Ri,Ro, D1, DQ) S CD} 4.34)

Proposition 3 (No Rate-Distortion Tradeoff). Consider an SDMBC Py, 7|5, s,x with state pmf Ps, s, for which

there exist functions 1 and o with domain X x Z so that irrespective of the input distribution Px the relations

Sy——i(Z, X)——(Z,X), k=12, (4.36)

hold for (S1, S2, X2,Z) ~ Pg, Ps, Px Py xs,,x,- The capacity-distortion region of this SDMBC is the product of

the capacity region and the distortion region:

CD =C x D. (4.37)

Proof: The proof is provided in Appendix [A.2.5] [ |

Example 5: Erasure BC with Noisy Feedback

Our first example satisfies Conditions (#.33)) and (.36) in Proposition [3| for an appropriate choice of +; and 3, and

its capacity-distortion region is thus given by the product of the capacity region and the distortion region.
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Let (B4, S1, B2, S2) ~ Pg, s, s, over {0, 1}* be given but arbitrary. Consider the state-dependent erasure BC

X ifSp =0,
Y, = . k=12, (4.38)

7 ifS, =1,

where the feedback signal Z = (7, Z) is given by

Y, if By =0,
7y = . k=1,2. (4.39)

2 ifE, =1,

Further consider Hamming distortion measures di (s, §) = s @ §, for k = 1, 2. For the choice

1, if Z, =7,
Yp(Z) = (4.40)
0, else,

the described SDMBC satisfies the conditions in Proposition |3} thus yielding the following corollary.

Corollary 5. The capacity-distortion region of the state-dependent erasure BC with noisy feedback in (4.38)—({@.39)

is the Cartesian product between the capacity region of the SDMBC and its distortion region:

CD=C xD. (4.41)

When Pg, s, g,s, = PE, s, PE,s,, then the distortion region is given by:

D = {(Dy,D3): Dy, > Pg, 5, (1,0)}. (4.42)

Proof. The state can perfectly be estimated (S, = 0) with zero distortion if (Sk, Ex) = (0,0). Otherwise, the
feedback is Z;, =7 and provides no information. The optimal estimator is then given by the best constant estimator,

which in this example is:

éconst,k - 1{PSk(1) Z PSkEk (0, 1)} (443)

This immediately yields the distortion constraint in (4.42). O

Notice that the capacity region C of the SDMBC (4.38) is unknown even with perfect feedback. In [46,47], the
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capacity region of this SDMBC with perfect feedback was characterized when each Rx is informed about the state

realizations at both Rxs.

4.2.5 Example 6: State-Dependent Dueck’s BC with Multiplicative Bernoulli States

We consider a state-dependent version of Dueck’s example in [48]], which first served to show that feedback can
increase capacity of a memoryless BC. Interestingly, despite its simplicity, the state-dependent extension of this
example allows observing various kinds of tradeoffs between communication and sensing performances and also
between performances at the various Rxs. For example, for specific choices of parameters, the problems of sensing
and communication decompose (Corollary [0, and it is possible to simultaneously achieve the optimal sensing and
communication performances. For other parameters a tradeoff arises. The present example also shows nicely that

our presented co-design scheme can significantly outperform the two TS methods.

Figure 4.4: State-dependent Dueck Broadcast Channel.

Consider the state-dependent BC in Figure 4.4| with input X = (Xo, X1, X2) € {0,1}3, i.i.d. Bernoulli states

S1,S82 ~ B(q), for g € [0, 1], and outputs
Vi = (X0, Y, 51,8), k=12 (4.44)

where

Yk, = Sk(Xk D N), k=1,2, (4.45a)

and the noise N ~ B(1/2) is independent of the inputs and the states. The feedback signal is

Z = (Y],Y3), (4.46)
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and for simplicity we again ignore the common rate Rg.
We notice that only X; and X5 are corrupted by the state and the noise. Since X is received without any state

or noise, it is thus completely useless for sensing. In fact, the optimal estimator of Lemma [3|for £ = 1,2 is (see

Appendix[A.2.3)

g =(1-q)} Y = Oy = 1,1 # 22

0, Y = 0,y; = 1,21 = 79
Sk(w1, w2, 91,05) = 1, g, =1

0, y1 =y2 = 0,21 # 22

Hez(1-9)2-a} vi=yy=0z1 =23,

(4.47)

where we slightly abuse notation by omitting the argument x for the estimator 3}, because this latter does not depend
on rg.

For a given input pmf with probability ¢ := Pr[X; # X5]|, the expected distortion achieved by the optimal

estimators in is (see Appendix[A.2.3):

E [d).(Sk, 35,(X1, X2, Y{, ¥3))] = Stq(min{g,1 — ¢} + (1 - ¢))

+ - (1 —t)min{q, (1 - ¢)(2 — ¢)} (4.48)

N RN —

We observe different cases: i) for ¢ € [0,1/2], both minima are achieved by g; ii) for ¢ € (1 /2,2 — \/ﬂ, the first
and second minima are achieved by 1 — ¢ and g, respectively; iii) for ¢ € (2 — \/5, 1] , the first and second minimum

are achieved by (1 — ¢) and (1 — ¢)(2 — ¢), respectively. The distortion constraint (4.3T)) thus evaluates to:

q/2, q€[0,1/2]
q(1 —t(2q —1))/2, ge (1/2,2-2] (4.49)

(1-q)(2—q+1t(3¢—2))/2, g€ (2—V2,1].

Dy

v

We notice that for ¢ € [0,1/2], the distortion constraint is independent of ¢ and thus of Py, and the minimum
expected distortions are Dynin,1 = Dmin2 = %q. For q € (1 /2,2 — \/i], the minimum expected distortions are

achieved for ¢ = 1 and the same holds also for ¢ € (2 — v/2,2/3]. For ¢ € [2/3, 1], the distortions are minimized
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for t = 0. We thus have Dyin,1 = Dmin,2 = Dmin, Where

(

q/2, q€10,1/2]

Dmin = q(1—1q), q€[1/2,2/3] (4.50)

(1-9)(2-q)/2, qe[2/3,1].

We obtain a characterization of the distortion region:

D= {(D1> D2)3 D1 > Dmin, D2 > Dmin}- (4.51)

The private-messages capacity region is:

C={(R;,Ry): Ry <1,Ry<1,and R;+Ry<1+¢’}. (4.52)

The converse and achievability proofs are provided in Appendices and [A.2.3] respectively.
Reconsider now the case where g € [0,1/2]. As previously explained, the distortion is independent of the input

distribution, and the capacity-distortion region CD degenerates to the product of the capacity and distortion regions:

Corollary 6 (No Rate-Distortion Tradeoff). For above state-dependent Dueck example with q € [0,1/2]:

CD=CxPD. (4.53)

For the general case, we only have bounds on the capacity-distortion region CD. We first present our outer

bound, which is based on Theorem [I2]and proved in Appendix[A.2.3]

Corollary 7 (Outer Bound). The capacity-distortion region CD (without common message) of Dueck’s state-
dependent BC is included in the set of tuples (R1,Rz, D1, D2) that for some choice of the parameters t € [0, 1]

satisfy the rate-constraints

R, <1, k=12, (4.54)

Ri+ Ry < 14 ¢°Hy(t) (4.55)

and the distortion constraints in (4.49)).

The inner bound is based on Proposition [2] see Appendix [A.2.3] Together with the outer bound in Corollary [7]it
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1.6
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o = Outer Bound of Corollary 7
+ 0.8 —— Inner Bound of Corollary 8.
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Figure 4.5: Sum-rate Ry + Ry vs. symmetric distortion D; = D for the state-dependent Dueck BC with ¢ = 3/4.

characterizes both the distortion region D and the capacity region C in (4.51) and @.52).

Corollary 8 (Inner bound). The capacity-distortion region CD of the state-dependent Dueck BC includes all rate-

distortion tuples (R1, Ra, D1, D2) that for some choice of t € [0, 1] satisfy (4.49) and

R, <1, k=12, (4.56)

Ri+ R <14 gHp(t) —q(1 —q), (4.57)

as well as the convex hull of all these tuples.

Fig. shows our outer and inner bounds in Corollaries [7| and [8| for ¢ = 3/4, where in the inner bound we
consider the convex hull operation through convex combinations between values of ¢ > 0 and ¢ = 0. The figure also
shows the performances of the basic and improved TS baseline schemes, whose modes we explain next. (Recall that
the basic TS scheme time-shares the sensing mode without communication and the communication mode without
sensing, and the improved TS scheme time-shares the sensing mode with communication and the communication
mode with sensing.)

Sensing mode with and without communication:

In the sensing mode with communication, one can choose an arbitrary pmf for Xy, e.g., Xo Bernoulli-1/2 because
this input does not affect the sensing. From (4.50), the minimum distortions of Dyin1 = Dmin2 = 5/32 are
achieved by setting X; = X5 with probability 1. For X; = X5 the sum-rate cannot exceed R; + Ro < 1, because

I(Xo, X1, X2; Y1,Ys) = I(Xo, Xo; Y1, Ya) < H(Xo) + I(X2;Y{,Y5|Xo) < 1as Y]/ and Y] are corrupted by the

49



50 4.2. MAIN RESULTS

Bernoulli-1/2 noise N. On the other hand, any rate pair (R1, R2) of sum-rate Ry + Re = 1 is trivially achievable by
communicating only with the noiseless X-input.
We conclude that the sensing mode with communication achieves the rate-distortion tuple (Ry, Ry, Dy, D) sat-

isfying

Ri+Ry <1 and D; > 5/32, k=1,2. (4.58)

If the Tx cannot perform communication and sensing tasks simultaneously, the same minimum distortions are

achieved but the rates are trivially zero.

Ri+Re=0 and Dy >5/32, k=1,2. (4.59)

Communication mode with and without sensing:

The optimal pmf Py achieving the capacity region in (#.52) corresponds to ii.d. Bernoulli-1/2 distributed
Xo, X1, X2 ( Appendix . The corresponding sum rate is Ry + Ry = 1 + ¢ = 25/16. The minimum achiev-
able distortions are thus obtained from by setting t = Pr[X; # Xo] = 1/2, i.e., Dax,1 = Dmax,2 = 11/64.
The best constant estimator is 5; = So = 1 because 3/4 = Ps, (1) > Ps, (0) = 1/4, which achieves distortions
Diriviat,1 = Durivial,2 = 1/4. We can conclude that the communication mode with sensing achieves all rate-distortion

tuples (R1, Ry, Dy, Do) satisfying

Ri + Ry < 25/16,

R <1 and Dy >11/64 k=1,2 (4.60)
and the communication mode without sensing achieves all rate-distortion tuples (Ry, Ry, D1, D2) satisfying

Ri 4+ Ry < 25/16

Ry<1 and Dy >1/4, k=1,2. (4.61)
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4.3 Related Information-Theoretic Works on Multi-Hop ISAC Systems

In this section, we review related works to ISAC over Single-Tx Two-Rx networks. The first work is similar to our
model, where the Tx estimates the state(s), but one of the Rxs is treated as an eavesdropper. The other work describes

the model in which the Rx estimates the state(s) over a state-dependent multi-hop channel.

4.3.1 Secure ISAC

In [29]], secrecy aspects of ISAC systems are considered. The model consists of i.i.d states, perfect output feedback
to the Tx, and each Rx knows its corresponding state, where part of the message is kept from the eavesdropper. The
characterization of the secrecy-distortion region is exact for the physically-degraded BC when the legitimate Rx is
stronger. The Tx sends two encoded messages W1, Wa over a channel to a legitimate Rx who observes Y|* (and
knows ST'). At the same time, the eavesdropper who observes Y3* and knows S% should learn only a vanishing
amount of information about W5, which is captured by the additional secrecy condition I(Wa;Y5" | ST) < §

achievability is defined as:

Definition 8 (Definition 1, [29]). A secrecy-distortion tuple (R1, Ra, D1, D2) is achievable if it is possible to find a

sequence (in the blocklength n) of encoding and decoding functions satisfying for any § > 0:

%log Wk| > Ry, — 6 (4.62)
Pr[W #£ W] <6 (4.63)
I(Wa; Y3 | 83) <8 (4.64)
E[d(Sy, Sk)] < Dy + 6 (4.65)

fork e {1,2}.

Theorem 13 (Theorem 1, [29])). For a physically-degraded BC and with the partial secrecy requirement (4.64), the

set of achievable quadruples (R, Ry, D1, D3) is given by the convex hull of all quadruples satisfying

Ry < I(V;Y1 | Sh) (4.66)
R2 S min{H(Yl,Sl ‘ YQ,SQ) — H(Sl | }/2,52, V),
I(ViYi | S1) — R} (4.67)

Dy > E[d(Sk, Si))], for ke {1,2}, (4.68)
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Jor some Py xy,v,8,8, = Px Py x Ps,5,Pyy|5,x Pyy|s,v,, and it suffices to use the deterministic per-letter estimator

in Lemma (@) with replacing the feedback Z, by the perfect output feedback Y1, Y.

They also characterized secrecy-distortion characterization for reversely physically degraded BC which is
slightly modified compared to Theorem Output statistics of random binning (OSRB) is used in the achiev-
ability proofs based on [[49]]. Also, they presented inner and outer bounds for the general model where there is no

degradedness condition on BC.

4.3.2 Sensing at Rx

The model in [50] is an extension of the P2P ISAC system that had been introduced in [22,/33]]. In [50], a multihop
channel is considered where the CSIs are unavailable to neither the Tx nor the Rx. Similar to [22,/33]], the Rx
estimates CSIs while a reliable information transmission is happening.

Consider a memoryless two-hop channel where the states are estimated at the destination. A (2%, n)—code consists

of:

* Encoding functions: a source encoding function fi, : W — A", and a sequence of relay encoding functions

foi Vi — Koyt =1,--+n,

* Decoding functions: a message decoding function g,, : V3 — WV, and two state estimation functions hy,, :

V2 — 8" and hay, : V5 — S5

The average probability of decoding error is as in (@.3) in which W, = () and the quality of channel states estimation

is measured by bounded per-symbol distortion functions.

Definition 9 ([50]). If there exists a sequence of (2", n) codes satisfying @A), the rate-distortion tuple (R, D1, Dz)

is achievable and supremum of it is defined as capacity-distortion C(Dy, Ds).

Theorem 14 (Theorem 1, [50|]). The capacity-distortion function for a two-hop channel with independent states is

C(Dl,DQ) — max min{I(Xl;Yl), I(XQ;YQ) — min I(Yi,gl |X1)}, (469)

PxqPxo Psq|z1y1

such that following distortion constraints are satisfied

EX1Y1,517§1 [d1(Sh, Swl)] < Dy, (4.70)

Ex,yv,[d2(S2, S2)] < Do, (4.71)
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where S1——( X1, Yl)—O—S’l form a Markov chain and Ss is the optimal one-shot estimator based on (X2,Y3), that

is, for each xo € Xs, the estimator h : Xo X Yo — Sy is chosen to minimize E[d2(S2, ha(X2,Y2)) | X2 = x2].

The result shows that a decode-(indirectly)-compress-and-forward strategy achieves the capacity-distortion func-

tion.

4.4 Conclusion

We fully characterized the capacity-distortion tradeoff for physically-degraded BCs. We presented inner and outer
bounds on the capacity-distortion region for general BCs. Through several illustrative examples, we demonstrated
that the optimal ISAC scheme offers non-negligible gain compared to the time-sharing schemes. Interestingly, there
were ideal situations where the capacity was achieved without compromising the sensing performance. Our results
also revealed that the optimal sensing depends only on the employed waveform but not on the underlying coding
scheme for the single-Tx two-Rx systems.

According to Chapters [3| and ] we conclude that whenever we have a single Tx, we can accommodate the
communication schemes to serve ISAC merely by being cautious about the restrictions on the input distribution to
allow for the desired sensing performance. However, this is not the case with more Txs, when Txs can collaborate,

both for communication and sensing through generalized feedback signals.
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Chapter 5

The Multiple Access Channel

This chapter considers information-theoretic models for ISAC over multi-access channels (MAC) and device-to-
device (D2D) communication. The models are general and include as special cases scenarios with and without
perfect or imperfect state-information at the MAC Rx as well as causal state-information at the D2D terminals. For
both setups, we propose collaborative sensing ISAC schemes where terminals not only convey data to the other
terminals but also state-information that they extract from their previous observations. This state-information can be
exploited at the other terminals to improve their sensing performances. Indeed, as we show through examples, our
schemes improve over previous non-collaborative schemes in terms of their achievable rate-distortion tradeoffs. For
D2D we propose two schemes, one where compression of state information is separated from channel coding and

one where it is integrated via a hybrid coding approach.

5.1 System Model

Consider the two-Tx single-Rx MAC scenario in Fig. The model consists of a two-dimensional memoryless
state sequence {(S74,52,)}i>1 Whose samples at any given time ¢ are distributed according to a given joint law
Pg, s, over the state alphabets S; x Sa. Given that at time-7 Tx 1 sends input X3 ; = x; and Tx 2 input Xo; = 2
and given state realizations S1; = s1 and S ; = s2, the Rx’s time-i output Y; and the Txs’ feedback signals Z ; and
Z3,; are distributed according to the stationary channel transition law Py, 7,15, 5, x, x5 (*, *» |51, 82, 1, 72). Input

and output alphabets X1, Xs, ), Z1, Zo, S1, So are assumed finite. A (2”R1, onRs n) code consists of
1. two message sets Wy = [1 : 2"R1] and W, = [1: 2"R2];

2. asequence of encoding functions 2, ;: Wy, x Z,i_l — X, fori=1,2,...,nand k =1, 2;
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Figure 5.1: State-dependent discrete memoryless multiaccess channel with sensing at the transmitters.

3. adecoding function g: Y™ — W; x Wh;
4. for each k = 1, 2 a state estimator ¢ : X} X Z' — S,?, where S; and Sy are given reconstruction alphabets.

For a given code, let the random message Wy, for £ = 1,2, be uniform over the message set W and the inputs
Xki = Ori(Wh, Z,i_l), for i = 1,...,n. The Txs’ state estimates are obtained as 5’,? = (Sk,h e ,S’kn) =
or(XE, Z}!) and the Rx’s guess of the messages as (W1, Wa) = g(Y™). We shall measure the quality of the state
estimates Sg by bounded per-symbol distortion functions dj : S X S — [0,00), and consider expected average

block distortions

n 1 = A
AP = = S Eldi(Sha, Ska)l, k=1,2 (5.1)

=1

The probability of decoding error is defined as:
P = Pr(Wl AWi or Wa # W2>. (5.2)

Definition 10. A rate-distortion tuple (Ri,Re,D1,D2) is achievable if there exists a sequence (in n) of

(2nR1 27R2 n) codes that simultaneously satisfy

lim P™ =0 (5.3a)
n—oo
Tim A" <Dy, fork=1,2. (5.3b)
n—oo

Definition 11. The capacity-distortion region CD is the closure of the set of all achievable tuples (R1, Ra, D1, D2).

Remark 6 (On the States). Notice that the general law Ps, s, governing the states S7 and S5 allows to model
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various types of situations including scenarios where the state sequences are highly correlated (even identical) or
scenarios where the state-sequences are independent.

Our model also includes a scenario where the channel is governed by an internal i.i.d. state sequence S™ of
pmf Ps and the states ST, S5 are related to S™ over an independent memoryless channel Pg, g,|s. For example, the
states ST and S can be imperfect or noisy versions of the actual state sequence S™. To see that this scenario can be
included in our model, notice that since no terminal observes S™ nor attempts to reconstruct S™, both the distortions

and the error probabilities only depend on the conditional law

Py 7, 201 x1 X258 (Y5 21, 22|21, T2, 51, 52) =
Ps(s)Ps, 5,|5(51, s25)
P5152(81752)

> Py zaixi x5 (s 21, 22|21, 72, 9) ; (5.4)

s

where Ps,s5,(s1,52) = >, Ps(s)Ps, s,|5(51, 2|5) denotes the joint pmf of the two states. Computing the channel
law in (5.4) and plugging it into our results in the next section, thus immediately also provides results for the

described setup where the actual state is S™ and the states ST and S5 are noisy versions thereof.

Remark 7 (State-Information). Our model also includes scenarios with perfect or imperfect state-information at

the Rx. In fact, considering our model with an output
Y = (T,Y") (5.5)

where Y' denotes the actual MAC output and T the Rx’s imperfect channel state-information about the states S}
and S3 . Notice that in our model, the Rx observes the state-information T™ only in a causal manner. Causality is
however irrelevant here since the Rx only has to decode the messages at the end of the entire transmission. Therefore,
plugging the choice (5.5)) into our results for T the Rx state-information and Y the actual MAC output, our results

in the following section directly lead to results for this related setup with Rx state-information.

5.2 A Collaborative ISAC Scheme

Before describing our collaborative ISAC scheme for the MAC, we review literature on the MAC and in particular
Willem’s scheme for the MAC with generalized feedback, which acts as a building block on our scheme.

While the capacity region of the MAC without feedback was determined in [51]], a computable single-letter
expression for the capacity region is only known in special cases such as the two-user Gaussian MAC with perfect

feedback [52] or a class of semi-deterministic MACs [53|] with one-sided perfect feedback. Kramer had obtained a
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multi-letter characterization of the capacity region of the MAC with feedback in [|54]]. For most channels it seems
however impossible to evaluate and compute Kramer’s region. Various computable inner and outer bounds have
been obtained on the MAC with feedback, the one most relevant to our work is Willems’s inner bound [55]]. Like
previous inner bounds, it is based on the idea that each Tx decodes part of the data sent by the other Tx, which allows

the two Txs to cooperatively resend these data parts in the next block using a more efficient coding scheme.

5.2.1 Willems’ Coding Scheme with Generalized Feedback and the ISAC extension

ﬂfz\:(l)(lz?-f!(l) [ 1,1) F---- ﬂfz\f(z)(ﬁ’2-v-(2) [ I TEEEEEE f‘i\:(:s) (W23 |7

Intermediate
decoding step

2 s) (“’Lp.w) )

5’71\:<2)(1“1-pf(2) [ )

W, '77'1\5(1)(“’1-1»-(1) | )

gy (wieqy | 1,1) F----

Encoding
step

N an o 1 ' N
“1_(1)(‘1«1.47,(2) | W1,c,(1)» l“zc.(l)) T 111\_(3) <ul1‘(,.(3) | 71'1'(.,<2),'11,‘24.,'(2))
|
|
|
|
|
|
|

'''''''''' > ug_@) (wl,c,(l): w?,c,(l)) it o U&(g) (wl.c,(2)7 wz,c,(z))
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Figure 5.2: Operations at Tx 1 in Willems’ scheme during the first three blocks. After each block b Tx 1 decodes
message W . ;) based on its generalized feedback output Z{V(b). The decoded message is then retransmitted in
block b + 1 jointly with W7y . ).

Willems’ scheme splits the blocklength n into B + 1 blocks of length N = n/(B + 1) each. Accordingly,
throughout, we let X{V(b), Xév(b), S{V(b), Sév(b), Z{V(b), Zév(b), (% denote the block-b inputs, states and outputs, e.g.,

S{Y(b) = (Sl(b—l)N-Ha ..., S1,n). We also represent the two messages 1/ and W, in a one-to-one way as the
2 B-length tuples

Wi = Wiy s Whe(B) Wiep,(1)s > Whp(B)) ke {1,2}, (5.6)

where all pairs (Wk7c7(b), ka,(b)) are independent and uniformly distributed over [2N Rk@] X [QN R’W} for Rk,c =

B+1 D, A B+1
T—!—Rk,c and Rk,p = %Rk,p and Rk,c + Rkyp = Ry.

An independent superposition code is constructed for each block b (see also Figure[5.2)):

* Alowest-level code Cy () consisting of 9NRie . 9NR2.c codewords g, (p) (W1,¢, W2,¢) is constructed by drawing

all entries i.i.d. according to a auxiliary pmf Py, .

* On each lowest-level codeword u () (w1,¢, w2 ) We superposition two codebooks {uév ®) (w§€7c | W1e, w26}
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for k € {1,2} and wj}_, € [2"F*-<], by drawing the i-th entry of each codeword according to Py, 1, (- | o)

where w1 denotes the i-th entry of u) (w1 ¢, wa.c).

* On each second-layer codeword u,’cv ) (wy, Jwic,wae),  we  superposition a  codebook
{xiv(b)(wfc,pm;c,c,wu,wgyc)}, for k € {1,2} and wj, € [2NFrp], by drawing the i-th entry of each

codeword according to P, t7,u, (- | o, ur) where uy, denotes the i-th entry of ufcv ) (W e | Wi,e, wa,c)-

As depicted in Figure[5.2] in Willems’ scheme, Tx 1 sends the following block-b channel inputs

xf) ®) = T1 (b)< ‘ch(b Wi (b-1)> Wae (b 1)) be{l,...,B+1}, (5.7

where qu(b_l) denotes the message part that Tx 1 decodes after reception of the block-(b—1) generalized feedback
signal Z{Y(b_l), e.g., through a joint typicality decoding rule. Also, we set throughout Wy, . o) = Wk,c,(o) =
Wi p(B+1) = 1, for k € {1,2}.

Decoding at the Rx is performed backwards, starting with the last block B+ 1 based on which the Rx decodes the
pair of common messages (WLC’( B) Wae B)) using for example a joint-typicality decoder. It then uses knowledge
of these common messages and the outputs in block B to decode the block-B private messages (W1, (), Wa p,(B))

and the block (B — 1) common messages (W . (p—1), Wa,,(B-1)), etc. The backward decoding procedure is also

depicted in Figure[5.3]
’UA}vaﬁ(Bfl) “Afl,p,(B)
g l‘i\.v(B—l)(u'l‘p,(B—l) [ - X?;’(B) (’w1_p_([;) [-) - 451\?(3“)(1 | )
up gy (@re,-1) | ) *: 4y (Wr,e(B) | Wie(B-1) Wae,(5-1)) @4 U (g (1 BLe(3), W20,2)
| |
-
o o ) ) I Wie(B-1) n g | Wie,(B) n n n
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Figure 5.3: Backward decoding procedure at the Rx in Willems’ scheme. The pair of common messages
(Wl e,(b-1)» Wa,c,(5—1)) and private messages (W, 1), Wa p (5)) are jointly decoded based on the block-b outputs

Y N and using the previously decoded (W1 e (b)> WZC,(b))

As Willems showed, his scheme can achieve the following rate-region.
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Theorem 15 (Willems” Achievable Region [55]]). Any nonnegative rate-pair (R1, R2) is achievable over the MAC

with generalized feedback if it satisfies the following inequalities

Ry < I(Xy; Y | XzUkUo) + I(Uk; Zz, | XzUo), ke {1,2}, (5.8)
Ri+ Ry < I(X1Xa;Y), (5.9)
Ri+ Ry < I(X1 Xo; Y | UgUrUs) + I(U; Zo | XoUy) + 1(Uz; Z1 | X1Up), (5.10)

Jor some choice of pmfs Py, Py, \uys P, vy Pxy[Uotn s Pxs|UgUs - and where above mutual informations are calcu-

lated ClCCOFdil’lg to the pmfPUOPUl|U0PU2\U0PX1|UQU1PX2|U0U2P5152 PYZ1Z2|5152X1X2'

Kobayashi et al. [2] extended Willems’ scheme to a ISAC scenario by adding a state estimator at the two Txs.

Specifically, for any block b each Tx k applies the symbol-per-symbol estimation

Ny = FroN (x;x(b), Dy (Wl?;,c,(b)’Wk,c,(b—l)a W,;’cy(b_l)» . be{l,....B), (5.11)

where &,’Z denotes the optimal estimator of Sy, based on the tuple (X, Zj, Uz):

&Z(zk,zk,u,;) = arg an Z PSk|XkaU,;(3k‘xkaZk7U1‘g) dk(sk,sﬁc). (5.12)
5 k s,€S

Thus, any of the two Txs bases its state-estimation not only on its inputs and outputs of a given block but also on the
codeword that it decoded from the other Tx.

For the last block B+ 1, Tx k can produce any trivial estimate, e.g., §,]€V (B+1) because its influence on the average

B+1
distortion vanishes as the number of blocks grows, B — co.
Combining the described state-estimation with Willems’ scheme, the following rate-distortion region can be

shown to be achievable.

Theorem 16. [Kobayashi et al.’s ISAC region [2|]] A rate-distortion tuple (R, Ro, D1, D2) is achievable if it satisfies

Ry < I(Xkay ’ XEUkUO) + I(Uka Z5 | XEUO)7 ke {1¢2}a (5.13)
Ry + Ry < I(X1X5;Y), (5.14)
Ry + Ry < I(X1 X203 Y | UgUrUs) + I(Un; Zs | XoUo) + 1(U2; Z1 | X1Uo), (5.15)
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Figure 5.4: Our proposed scheme at Tx 1 during the firts three blocks

and

E|di(Sk, ¢5(Xg, Zy, Uz, const))| < Dy, k=1,2, (5.16)

for some choice of pmfs Py,, PU1|U07 PU2| Uos Px, UL Up PXQ‘UQUO.

5.2.2 Our Proposed Collaborative ISAC Scheme

We present our collaborative ISAC scheme. It extends the scheme in [2] in that the second-layer codeword of
Willems’ code construction is not only used to transmit data but also compression information useful for state
sensing. The compression information is generated at one of the Txs and mainly intended for the other Tx to improve
its sensing performance. In our scheme, the Rx however also decodes this information and uses it to improve its

decoding performance.

Code construction

Choose pmfs Py, Pu, v, Pu, vy Px, 101Uy PXo|UsU,» @nd define the pmf

PuotnUsX1 X281 85Y 21 2:vi Ve = P Puy v Pus v Pxy 01U P2 |Us U6 PS182 Py 24 20 X1 X251.52

Py, 1x1 20500 Py | x1 20 U5 U - (5.17)

Employ Willems’ three-level superposition code construction for the given choice of pmfs, except that each

second-layer codeword is indexed by a pair of indices. We thus denote the second-layer codewords by
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N (1) N * i (1)
<“0,(b71) (lecv(bfz)’WZ,c,(b72)>’ U1, (b-1) (Wl,c,(bfl)ﬁjl,(b—Q) ‘ Wl,c,(b72)7W2’c’(b,2))

~ 5 (1
Ué\{(b_l) (U)Za J2 ‘ Wl,c,(be)a W(,c),(b—Q)) )

N * 57(1)
:El,(b_l) (Wl,p,(b—l) ) Wl,c,(b—l)a J17(b_2)7 Wl,c,(b—Q)a WQ,C,(b—2)) 5

* A A 2-(1
J17(b72)7 Wl,c,(b—l)aw%.]% Wl,c,(b—?)? W(,c),(b72)) ) Z{Y@,n) € ZN(PU0U1U2X1V1Z1) (519)

N *
Y1, (-1) (Jl

ukN,(b) (wll,cvjl | w1, ws,) and ué\f(b) (wé}c,jg | w1, wa,) and accordingly the corresponding third-layer code-
words by xff(b) (w’ljp|w’lyc,j1, Wi,c, Wa,c) and :Uff(b) (w’27p|wéjc,j2, w1,c, Wa,c), where the indices j; and jo take value
in the sets [2"f1] and [2"%2] for some positive auxiliary rates Ry, and Ry,

We further construct a compression codebook for each block and each of the two Txs, Foreach b € {1,..., B}
and each sixtuple (w1 c, W c, W] ., j1wh ., jo) € [2VFe] x [2NF2e] 5 [2NF1e] 5 [2NFLe] 5 [2NH2c] 5 [2N 2]
we generate a sequence v{\f(b) (1 | W] e J1, wh e, 2, w1 e, wa) for each ji € [2VF10] and a sequence vé\”(b) (75 |
w’Lc,jl,w’Q’c,jg,wl,c,wu) for each j, € [2VF20]. The sequences v{\f(b)(ji ] wi7c,j1,w§7c,j2,w1,c,w27c) and
vé\f(b) (J3 | Wi e J1,Wh s J2, W1 e, wa,c) are obtained by drawing their i-th entries according to Py, jyou,0, (- |

g, u1,u2) and Py, o0, (- | w0, w1, uz), respectively, for ug,u1,uz denoting the i-th entries of the sequences

u(])\{(b) (wlvc’ w270)’ ui\{(b) (wica J1 | W1,c, w?,c), and ué\,[(b) (wé@u J2 ’ W1,c, w?,c)-

Operations at the Txs

In each block b, Tx k sends the block-b sequence

~

N N * s (k

Xiov) = Th,0) (Wk,p7(b)|Wk,c,(b)v T 0-1) Whe (6-1) Wl’i,c,(b—ﬂ) ’ (5.18)

where Tx k generates the indices J;; (b-1) and W,; ¢,(b—1) during a joint decoding and compression step at the end of
block b — 1 as follows. (For convenience we again set Wy, , (p11) = Wy ¢ (0) = W,—f’c’(o) = J,E’(BH) =1

After receiving the generalized feedback signal Z ,iv (b—1)° Tx k looks for a triple of indices j;, Wy, and 312 satisfy-

ing the joint typicality check (5.19), and if b > 2 also the typicality check (5.20), which are displayed on top of the

page. It randomly picks one of these triples and sets

* -k -1 N 2(1 A
Ty =it Wy =t I 5 =Je. (5.21)
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(“ 0,(b—2) <ch(b 3)’W2(1c)(b 3))7 ul L(b—2) (ch(b 2)’J (b—2) ’ch(b 3)’W2(,1c),(b73))’

N (1)
Ua (b— 2)( 2c(b2 b3)‘ch(b 3) ch(b 3))

N (1)
L1, b )(Wlp b—2) ‘ch(b 2)s J7 (b—3)’Wl,c,(b—3)7W27c7(b_3)),
N * (1) #(1) (1)
2,0 ( ‘ch b-2): /1 1,(b=3) W2,C,(b72)’JQ,(bf?))’leca(b—3)’W2,c,(b73))’
ZiY(b*Z)) € 7;N(PU0U1U2X1V2Z1)- (520)

Tx k also produces the block-b state estimate

* > (k
= &N (ﬁfk ®) (Wk,p W Whe, () Jk,(bq),Wk,c,(bq),Wé c)(b,1)> ;

N i7 (k)
2, (b)) U ()(ch(b ’Jk b—1)> ch(b 1)» Wk C7(b,1))’

k
U;g(b)( 0) | Wee.)> T, (0-1)> Whee,(0-1) W( )(b 1)>) (5.22)
where
Op(xp, 21, ug, V) 1= arg Hllél Z P5k|XkaUka(sk\xk,zk,uk,vk) dy(sk, s5)- (5.23)
51,€ k s1.€Sk

Without loss in performance as B — oo, the estimate in the last block B + 1 can again be set to a dummy sequence.

Decoding at the Rx

Decoding at the Rx is similar to Willems’ scheme and uses backward decoding. The difference is that the Rx
in block b not only decodes the message tuple (WLp,(b), Wa ) Wi (b-1)> W2707(b_1)) but also the compression
indices J7 (b—1) and J; (b—2)" Specifically, in a generic block b € {2,..., B}, the Rx looks for a unique sixtuple

(W1p, Wa,p, Wi, Wae, J1, J2) € [2V 7] x [2VH20] x [2NHe] o [2NFac] 5 [2NHL0 ] [28 20 ] satisfying

N N (v : N (v ,
<u07b(w1707w270)u uy () <W1,c,(b),,71 ‘ w1,07w2,c>7 Us, () (Wz,c,(b),h ‘ w1,mw2,c>,

N p . N
Z1,0) (“’Lp ,65(b)2 J1; Wie, wz,c>7 T3, (b) (wa,p

o (b)s J2> Wi, w2,c)a

U{\,[(b) (Jl,(b) ‘ Wi e (b): J1s W2,c,(b),j2,w1,c,w2,c) :

vé\j(b) (jQ,(b) ‘ Wl,c,(b)ajla W2,c,(b)7j27 W1,c» w2,c> ) Yr(%) € 7-25(PU0U1U2X1X2Y)‘ (5.24)
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If such a unique sixtuple exists, it sets Wch(b_l) = Wi, VAVLMb) = W1y, WZC’(()_U = wa, W27p7(b) = w2 p,
j17(b_1) = j1, and j27(b_1) = jo. Otherwise it declares an error.
The Rx finally declares the messages W and W that correspond to the produced guesses {(Wk,p’(b), Wk&(b))}.
In Appendix[A.3.T|we show that as N — oo and B — oo, the described scheme achieves vanishing probabilities

of error, the compressions are successful with probability 1, and the asymptotic expected distortions are bounded by

D; and Dy whenever B is sufficiently large and

Ryp > 1(Vi; X Zy | U) (5.25a)

Ry o+ Rie < I(URVi; X3 Z5 | UoUp) (5.25b)
Ryy+Roy + Rie < I{UWVi: X325, | UoUy) + I(Vi Xz Z3 | U) (5.25¢)
Rip < I(Xe: YWViVa | UXR) (5.25d)

Ry + Ry < I(X3 Y | UpXp) + I(Vas X XoY V1 | U) + I(Vi; Xi XoY | U) - (5.250)

Ry + Ripp + Ry, < I(X1X2; Y | UgUp) + 1(Vas X1 X2Y Vi | U)

+I(Vi; X1 XoY | U) (5.25f)

R17p -+ R27p < I(XlXQ; Y%VQ ‘ Q) (5.25g)

Riy+ Rip+ Rop + Rop < I(X1X0:Y | Up) + I(Vi; X XoY | U) + I(Va; X1 X2Y' V1 | U) (5.25h)

Riy+ Ri+ Roy+ Ry < I(X1X0;Y) + I(Vi; X4 XoY | U) + 1(Va; X1 XoY' V4 | U), (5.251)
where U 2 (U, Uy, Us) and

for ¢; defined in (5.23).
Using the Fourier-Motzkin Elimination (FME) algorithm it can be shown, see Appendix|[A.3.2] that such a choice

of rates is possible under the rate-constraints (5.26)).

Theorem 17. The capacity-distortion region CD includes any rate-distortion tuple (R1, Ra, D1, D3) that for some

choice of pmfs Puy, Puy vy s Pus|ues Pxy|UgUs s PXa|UoUzs Pvi|UoUa X1 215 Pra|Ugt Xo 2, Satisfies Inequalities (5.26) on

top of the previous page (where U := (Uy, U1, Us)) as well as the distortion constraints (5.25]).

Proof. See Appendix [A.3.1] O
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64 5.2. A COLLABORATIVE ISAC SCHEME

Ry < I(Uy: X3 Zg | UoUz) + I(Vis X Zg, | U) — 1(Vi; X Zyo | U) + min{
I( XY | UpXz) + I(Vi; Xa XoY | U) + I(Vi; XKa XoY'Vi | U)
—1(Vi; XiZ | U),
I(X1X2;Y | UgUy) + 1(Vi; X0 XoY | U) + I(Vi; X4 XoY'Vi | U)
—I(Vi: X325, | U),
[(X1Xo; Y | Up) + I(Vi; X1 XoY | U) + I(Vi; X1 XoY Vi | U)
I (Vi; X Zi | U) — I(Vi; X3 Z5 | U), I(Xi; YVIV2 | UXR) ), k= 1,2, (5.26a)

Ry + Ry < I(Uz; X121 | UgUr) + I(Va; X121 | U) — 1(Va; X222 | U)
Y I(Uy; XoZo | UpUs) + I(Vi: X2Zs | U) — I(Vi; X1 Z1 | U) + min{
I(Xa XY | UoUs) + I(Vi; X4 XoY | U) + I(Va; Xa XoY'Vi | U) — I(Vi; X124 | U),
I(X1Xo; Y | UpUr) + 1(Vi; X0 XoV | U) + I(Vo; X0 XoY'V1 | U) — I(Va; X222 | U),
I(X1 XY | Up) + I(Vi; Xu XoY | U) + I(Vo; X1 XoY VL | U)
—I(Vi; X121 | U) — I(Va; X225 | U),
I(X1Xo; YW1 Vo | U)} (5.26b)

Ri+ Ro < I(X1X2;Y) + I(Vi; Xa XoY | U) — I(V1; X121 | U)
+I(Va; X1 XoYVi [ U) — I(Va; X2Z5 | U)

(5.26¢)
and fork =1,2
I(Ur; X325, | UoUp) + 1 (Vis X Z | U) 2 (Vi Xi Zi | U), (5.26d)
(X1 XY | Up) + I(Vi; X1 XY | U) + I(Va; X1 XoYVi | U) > I(Vi; X171 | U)
+1(Va; X275 | U) (5.26¢)
I XY | UoXp) + I(Vi; X Xo¥ [ U) + 1(Va; Xa Xo¥Y V1 | U) 2 (Vi X2 | U). (5.260)

Notice that Theorem recovers the previous achievable region in Theorem [I6] through the choice Vi =

V> =constants, which removes the collaborative sensing between the two Txs.

Remark 8 (Wyner-Ziv Coding). In our scheme, no binning as in Wyner-Ziv coding is used for the compression of
the V- and Va-codewords. Instead, decoder side-information is taken into account through the additional typicality
check (5.20) and by including the Vi- and Va-codewords in the typicality check (5.24). These strategies are known
as implicit binning and allow multiple decoders to exploit different levels of side-information, see [56]].

5.2.3 Examples

The following two examples show the improvement of Theorem[I7]over Theorem [16]

Example 1. Consider a MAC with binary input, output, and state alphabets X1 = Xo = ) = Sy = {0,1}. State
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CHAPTER 5. THE MULTIPLE ACCESS CHANNEL 65

Sy ~ Ber(ps), while S1 = 0 is a constant. The channel input-output relation is described by
Y = 52 Xo, (Z1, Z2) = (S2, X1). (5.27)

For this channel, the following tuple

(R17R27D17D2) - (070707 0)5 (528)

lies in the achievable region of Theorem |17\ through the choice Vi = Z1 = S5 and (5’2 =W, 3'1 = 0). Distortion
Dy = 0 is however not achievable in Theorem because So is independent of (Uy,Us, Uy, X1, X2) and thus
of (X2,U1, Z5), and the optimal estimator is the trivial estimator Sy = V3(Xy, Zo,U1) = 1{ps > 1/2) which

achieves distortion Dg = min{1 — ps, ps}.

Example 2. Consider binary noise, states and channel inputs By, By, Sy, X, € {0,1}. The noise to the Rx By
is Bernoulli-tg, and By, the noise on the feedback to Tx k, is Bernoulli-ty. All noises are independent and also

independent of the states S, So, which are i.i.d. Bernoulli-ps;. We can then des are described the channel as

Y’ = 81X1 + 52X + By, Y = (Y, 81, 5), (5.29)

Z1 = 51 X1+ S9Xo + By, Zoy = S51X1 + S X5 + Bs. (5.30)

In this example the Rx thus has perfect channel state-information, see also Remark[/} Hamming distance is consid-
ered as a distortion measure: d(s,5) = s @ §.

We compare Theorems[16|and[I7on the following choices of random variables. Let

X =Up®X®b), forke{1,2} (5.31)
N——
20U,
where Uy, 31, 29,01, 02 are all independent Bernoulli random variables of parameters p,q1, q2,71,72. For the
evaluation of Theorem[I7|we further choose the compression random variables

{Z,=1}+2-1{Z, =2} ifE,=0
Vi = Vk = {1,2} (5.32)

o if By =1

for a binary Ej; independent of (S1, S2, Bo, B1, B2, Uy, U1, Us, X1, Xa, 01, 02). For this choice, Tx k conveys infor-

mation about 7, to Tx k, which helps this latter to better estimate its state Si. For instance, when E; = 0, Tx-2
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66 5.2. A COLLABORATIVE ISAC SCHEME

receives another noisy observation of the output which helps it to better estimate its state, because

(

0 ifZe{0,1},V3=0

V=41 ifny =1 : (5.33)
2 ifZy e {2,3},V1 =0
1.2
1 [
0.8
QvE_ 0.6 -
(a4
0.4 =
| -
—— Theorem 16
0.2 =
0 : . : . .

2 3 4 5 6 7 8
D, 1072

Figure 5.5: Sum-rate distortion tradeoff achieved by Theorems|16|and|17|in Example for given channel parameters
ps =09, =0.3,t1 =0.1and 2 = 0.1.

Proof. First, we discuss the computation of distortion.

Calculation of Distortion

We evaluate the expected distortion of the estimators in (5.23)), for a given input pmf Py, x,. We consider the

distortion on state So where we notice different cases in the calculation:

* When Tx 2 sends X5 = 0, the distortion calculation is the same as calculation in Corollary E When Tx 2

sends X5 = 0, it vanishes the effect of S5, and thus the distortion is a minima over two states
* When Tx 2 sends X3 = 1, the distortion depends on different feedback observations as follows:

— If Tx 2 observes Z3 = 0, then it knows S; = S9 = 0, thus, the distortion is zero. This observation also

provides information about the noise By = 0.

— If Tx 2 observes Z3 = 3, then Tx 2 knows S; = Sy = 1, thus, the distortion is zero. Moreover it

provides information regarding the noise By = 1.
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— The advantage of using the proposed auxiliary r.v V; in our scheme compared to Corollary (16| arises

when Tx 2 observes Zs = 1 or 2 categorized as follows:

+ If Tx 2 observes Z5 = 1, and
- decodes V; = 0, which means Z; = {0, 3}. The zero-distortion estimation provides S = 0 or,
- decodes V7 = 1 which means Z; = 1. The estimation stands with a non-zero distortion or,
- decodes V7 = 2, which means Z; = 2. The estimation stands with a non-zero distortion.
# If Tx 2 observes Z5 = 2 and
- decodes V] = 0, it knows Z; = 3, which means S5 = 0 and thus the distortion is zero or,

- decodes Vi = 1, which means Z; = 1. In this case the distortion is non-zero but less than in

Corollarybecause /7 1s available at Tx 2 as side-information.

- decodes V; = 2 which means Z; = 2. Analogous to previous case, the distortion is non-zero.

We obtain the following final expression for the distortion at Tx 2:

D = PX2 (0) min{ps, ]55}
+ Py, x,(0,1) - min {ﬁs -pstitita + (1 — per)tita,  ps- (1 —psﬁ)flfz}
(5.34)

+ Py, x,(1,1) - min {ﬁs “psTitita + (1 — psti)tite,  ps- (1 —psﬁ)t_ﬁ_z} (5.35)
While in Corollary [16] the constraint evaluates to

D = Py, (0) minpy. 5} + Puyx, (0,1) [min{mpsnt +#(1 = psr1)), H(1 = psr)ps} - (5.36)
+ min{p,(psr1t + t(1 — psm))}]

+ Pryx, (1,1) | min{fs(psiif + tH(1 — psi1)), E(1 — psi)ps )} (5.37)
+min{ps(psT1t + (1 — psrl))}]

The details of calculation is given in Appendix and the evaluation of the rate region is given in Appendix
O]

To achieve Figur we optimize the final expressions over all p, gk, 7%, pe, € [0, 1] for specific channel param-
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eters ps = 0.9, g = 0.3, ¢t; = 0.1 and t3 = 0.1. Figure E] shows the maximum sum-rate 21 + Rs in function of
distortion Dy achieved by Theorems [I6]and[I7] where recall that for the region in Theorem[I§ we set Vi = V5 = 0.
Notice that both curves are strictly concave and thus improve over classic time- and resource sharing strategies. The

minimum distortions achieved by Theorems [[6|and [T6]are D3 i = 0.035 and D3 jmin = 0.04.

5.3 Conclusion

We considered integrated sensing and communication (ISAC) over multi-access channels (MAC) where different ter-
minals help each other to improve sensing. We reviewed related communication schemes and proposed adaptations
that fully integrate the collaborative sensing into information-theoretic data communication schemes. Through ex-
amples, we demonstrated the advantages of our collaborative sensing ISAC schemes compared to non-collaborative

ISAC schemes with respect to the achieved rate-distortion regions.
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Chapter 6

The Device-to-Device Channel

In this chapter, we consider the ISAC two-way channel, where two terminals exchange data over a common channel

and based on their inputs and outputs also wish to estimate the state-sequences that govern the two-way channel.

6.1 System Model

Consider the two-terminal two-way communication scenario in Fig. The model consists of a two-dimensional
memoryless state sequence {(51 i, 52;) }i>1 whose samples at any given time ¢ are distributed according to a given
joint law Pg, g, over the state alphabets S; x Sa. Given that at time-i Tx 1 sends input X ; = 1 and Tx 2 input
X2, = w2 and given state realizations S1; = s1 and Sz ; = s2, the Txs’ time-i feedback signals Z; ; and Z5 ; are
distributed according to the stationary channel transition law Py, 7./, s, x, x, (*; |1, 82, 1, ¥2). Input and output

alphabets X, Xa, ), Z1, Z2, 81, So are assumed finite.

Transmitter 1 Transmitter 2
ST Estimator |< r Estimator S'g
) Z1 i1 Z3,i—1 .
Wy En/Decoder Pz, 2,11 X258, 55 En/Decoder %%
Xlﬂ X2,z
W, Psys, W,

Figure 6.1: State-dependent discrete memoryless two-way channel with sensing at the terminals.

A (27R1 2Rz ) code consists of
1. two message sets W; = [1 : 2"R1] and W, = [1 : 2"R2];
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70 6.1. SYSTEM MODEL

2. sequences of encoding functions €2 ;: W), X Z,ifl — X, fori=1,2,...,nand k =1, 2;
3. decoding functions gi: Z" — Wy, for k = 1,2;

4. state estimators ¢y : A7' X Z;' — S’,:}, for k = 1,2, where 5’1 and 32 are given reconstruction alphabets.

For a given code, let the random message Wy, for k = 1,2, be uniform over the message set W and
consider the inputs Xj; = qu(Wk,Z,i*l), fori = 1,...,n. Tx k € {1,2} obtains its state estimate as
5‘,’; = (5‘;671, e ,S'km) = ¢p(X}, Z}}) and its message guess as Ws_p = a(Z7, Wy).

We shall measure the quality of the state estimates S’,? by bounded per-symbol distortion functions dj : Sy ¥ Si

[0, 00), and consider expected average block distortions

AP = iz:;ﬂz [dk (skskﬂ k=12 (6.1)

The probability of decoding error is defined as:

e

P™ = Pr(W1 AW or Wa# Wg). 6.2)

Definition 12. A rate-distortion tuple (Ry1,R2,D1,D2) is achievable if there exists a sequence (in n) of

(2nR1 2Rz ) codes that simultaneously satisfy

lim P™ =0 (6.3a)
n—o0
im A <Dy, fork=1,2. (6.3b)
n—oo

Definition 13. The capacity-distortion region CD is the closure of the set of all achievable tuples (R1, Rz, D1, D2).

Remark 9 (State-Information at the Terminals). Considering a two-way channel where

Zx = (Sg, Z3.), ke {1,2}, (6.4)

for some output Z;. This models a situation where each terminal obtains strictly causal state-information about the
other terminal’s state. Inner bounds for this setup with strictly causal state-information can immediately be obtained

from our results presented in the next section by plugging in the choice in (6.4). The same remark applies also to
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imperfect strictly-causal state-information in which case the output should be modeled as

Zy = (Tk,leg), ke {1,2}, (6.5)

where Z;. again models the actual channel output and Ty, models the strictly causal imperfect state-information
at Terminal k. Alternatively, Ty, could even be related to the desired channel state Sy, and not only to the other
terminal’s state Sg. Plugging the choice (6.5)) into our results for an appropriate choice of Ty, leads to results for
this related setup with imperfect or generalized state-information at the terminals.

In contrast, our model does not include causal or non-causal state-information. These are interesting extensions

of our work, but left for future research. They would certainly require new tools such as dirty-paper coding [57)].

6.2 A Collaborative ISAC Scheme

We first review Han’s scheme for pure data communication over the two-way channel and then include the collab-
orative sensing idea in Han’s scheme. Finally we integrate collaborative sensing and communication through joint

source-channel coding (JSCC).

6.2.1 Han’s Two-Way Coding Scheme

W) ul gy (W)

N
uy 5y (Wa, Wa
—| Enc 1 oN 2 )( ( )) Enc 2 |« ©

N( N N N N N N N N
< s (ul,(b)'rul,(b—l)‘rxl,(b—lwZl,(b—l)) 2 (“2‘(;;)-,“2,(1;71)7x2,(b71)~,22_(1771))‘

| [}
| I
| [}
i |
|
| |
I
| |
v : N N |
Decoding with | | T1(b) ¥2,0) | Pecoding with g,
: |
. |
|
| [}
| [}
| [}
. :
[}
| |
[}

WZ.(IJ—]) <

. > N N N
T e U] o P20 22,0) U2, (-1 >

Plez|X1X23152

N N
Z{\.](b) ; Zg(w T (h—1)> #2,(b—1)

x?{(b—l)’ 21,(b—1)>

St Saw)

Ps, s,

—_—— e, —_, e, —————— ——

Two-Way Channel with Memory

Figure 6.2: Han’s coding scheme in a given block b. Encoders transform the discrete-memoryless two-way channel
into a channel with memory so as to be able to correlate the inputs of the two terminals. Encoding is then performed
through the independent codewords quV ®) and uév () Decoding of block-(b — 1) messages is performed based on the
inputs/outputs in the two consecutive blocks b — 1 and b.

The capacity of the two-way channel, and thus the optimal coding scheme is still open for general channels.

The best known general scheme was proposed by Han [[58|]. The idea is to correlate the inputs of the two terminals
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in a stationary way so as to still allow for single-letter rate-expressions. An improved, more general scheme was
proposed by Kramer [59]; it however leads to multi-letter expressions involving directed information terms and
their evaluation thus seems unfeasible for most channels. We therefore base our scheme on Han’s two-way coding
scheme, which is depicted in Figure [6.2]and described in the following.

For convenience of notation, define

Py zxixa (21, 22len,me) = D Posy(51,92) Py 2,0x, X518, (21, 22001, T2, 81, 52). (6.6)
51€81,52€82

Han’s scheme splits the blocklength n into B + 1 blocks of length N = n/(B + 1) each. Accordingly,
N N N N N :
throughout, we let Xl,(b) X, ) S L(b) S 2 (b) Z (b),Z 5.(b) denote the block-b inputs, states and outputs, e.g.,
S{\,/(b) = (Sl(b,l)NH, ..., S1n). We also represent the two messages W and W5 in a one-to-one way as the
B-length tuples
Wy, = (Wk7(1),...,Wk7(B)), ke {1,2}, 6.7)

where each Wy, ;) is independent and uniformly distributed over [2N Rk] for Ry, & B+1 Ry.
Construct an independent code Cy, 1) = {ukN ®) (1),..., uév ®) (2”Rk) } for each of the two terminals by picking
entries i.i.d. according to some pmf P, . As shown in Figure Terminal k encodes Message Wy, ;) by means of

the codeword u{fv ) (Wk,v)) and sends the sequence

Xk (b — f ( (Wk (b))v uﬁ(b—l)(Wk,(bfl))a xﬁ(b_l), Z;]x(b_l)) (6.8)

over the channel during block b. Notice that by applying the function f to the block-b codeword symbols as well as
to the symbols of the block-(b — 1) codeword uff (b-1) (Wk,(5—1)) and the block-(b — 1) channel inputs and outputs
a:{cv (b—1) and zév (b—1)° the terminals introduce memory to the channel. An interesting point of view is to consider the
o . N N N N . .

transition of the codewords Uy ) and Uy, () 1O the channel outputs 21 () and Zy(p) 382 virtual two-way channel with
block-memory over which one can code and decode. Naturally, decoding of each message part Wy, (5 is not based
only on the signals in block (b) because other blocks depend on this message as well. In Han’s scheme, decoding
is over two consecutive blocks. Specifically, Terminal k& decodes the block-b message W (») using a joint-typicality
decoder based on the block-b inputs, outputs, and own transmitted codewords :rév () z,iv ®) and ufj (b) A8 well as on
the block-(b 4 1) inputs and outputs xﬁ(bﬂ) and zg(bﬂ).

Notice that without any special care, the rate-region that is achievable with above scheme has to be described

with a multi-letter expression because the joint pmf of the tuple :riv (b41)7 z{v (b+1)7 uJIV ) x{v (b z{v ®) that Terminal 1
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uses to decode codeword uév ®) (W}, v)) varies with the block b. However, if one chooses a joint pmf Py, v, x, X572, 2,

satisfying the stationarity condition

Py, X1 X020 20 (U1, U2, T1, T2, 21, 22)

= Z PZ1Z2|X1X2(21722‘:(}17:62)]1{3:1 = fl(Ul,’[Ll,i'lygl)}
U1,U2,%1,E2,21,22
I{xo = fa(ug, G2, T2, Z2) } - Pu, (u1)Pu, (u2) Pu, Uy X, X021 2, (U1, U2, T1, T2, 21, 22), (6.9

where Py, and Py, are the marginals of FPy,y,x,x,7,2,.» then the pmf of the tuple of sequences
xff(bﬂ), T2 (b1)s zf(b+1), zé\f(bﬂ), ujl\j(b),ué\f(b),xff(b), xé\f(b), z{\j(b), zé\f(b) is independent of the block index b. This
allows to characterize the rate region achieved by the described coding scheme using a single-letter expression. All

rate-pairs (R1, Ro) are achievable that satisfy

Ry < I(Uy; Xo, Z, Uz, X, Z) (6.10a)

Ry < I(Uy; X1, Z1,Uy, X1, Z1), (6.10b)
where (Uy, Us, X1, X9, Z1, Zo, Uy, Uy, X1, Xo, Z1, Zg) are distributed according to the pmf

Py

U X1 X Z1 2T U X1 Ko 2o (U1 U2, T1, Ty 21, 22, U, Ug, T1, T2, 21, Z2)
= Py, 7,15, %, (21, 22|21, w2) {21 = fi(ur, @, B1, 21) }1{w2 = fo(ug, b, T2, Z2)}

- Py, (u1) Py, (u2) Puy v, X, X020 25 (U1, U2, 1, T2, 21, Z2). (6.11)

This recovers Han’s theorem:

Theorem 18 (Han’s Achievable Region for Two-Way Channels [58]). Any nonnegative rate-pair (R1, R2) is achiev-
able over the two-way channel if it satisfies Inequalities (6.10) for some choice of pmf Py, v, x, x,7, z, and functions

f1 and fo satisfying the stationarity condition (6.9).

For certain cases above theorem can be simplified, and for certain channels the simplified region even coincides

with capacity. The simplification is obtained by choosing the two functions f; and f5 to simply produce the code-

N

words u} (b—1) and uév (b—1) from the previous bloc and ignore the other arguments. In this case, the set of rates

that can be achieved coincides with the following inner bound that was first proposed by Shannon [60].

!The delay of a block introduced in this scheme is not crucial, it simply comes from the fact that Han’s scheme decodes the block-(b — 1)
codewords based on the block-b outputs. In this special case without adaptation, Han’s scheme could be simplified by transmitting and
decoding the codewords uff (b—1) and uév (b—1) directly in block b — 1 without further delay.
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Theorem 19 (Shannon’s Inner Bound, [60]). A pair of nonnegative pairs (R, Rz) is achievable if it satisfies

Ry < I(Xq; 22| Xo) (6.12a)

Ry < I(X9; Z1|X2), (6.12b)

for some input pmfs Px, and Px, and where (X1, X2, Z1,Z5) ~ Px, Px, Pz, 7,)x1 x5

6.2.2 Collaborative Sensing and Communication based on Han’s Two-Way Coding Scheme

We extend Han’s coding scheme to include also collaborative sensing, that means each terminal compresses its block-
b inputs and outputs so as to capture information about the other terminal’s state and sends this state-information
in the next-following block. In this first collaborative sensing and communication scheme that we present here, the
sensing (compression) does not affect the communication (except possibly for the choice of the pmf Py, 17, x, X, 7, 7,)-

In fact, we again use Han’s encodings and decodings as described in the previous subsection, except that the block-b

Wi ) “f,[(b) (W10 1 6-1))
—»| Enc 1

Tion] {

N N N N N
e (“L(bw“L(bfl)’xl:(bfl)’Zl,(bfl))

A\ /

f(b) WZ-Compression |
D =200 2 0) U1 0- 1} N N
T z L1,(0) L L3, (b)
1,(b—1)> ?1,(b—1)" " p 2
Z172|X1X25152 .
ZN ZN
—— 1,(b) 1 2,(b)
Wa -1) Decoding with - S{\,[(b) Sé\’f(b)
<+ _.N N N
T3 (b)2 #1,(b)> U1,(6-1)1 Ps s
~ - - 192
Ja (b2 T1,(b—1)> #1,(b—1)"

Figure 6.3: A first collaborative-sensing version of Han’s coding scheme. The figure illustrates the encoding and
decoding operations in a given block b at Terminal 1; Terminal 2 behaves analogously. To facilitate sensing at
Terminal 2, Terminal 1 compresses its block-b channel inputs and outputs, together with its inputs, outputs, and
codeword from the previous block (b — 1) (which are all resent in block b) using Wyner-Ziv compression [3]] to
account for the side-information at Terminal 2.

codeword not only encodes message Wy, () but also a compression index J;; (b—1) that carries information about the
block-(b—1) state St,(b—1)- This compression index is then decoded at Terminal k after block (b+ 1) simultaneously
with message W, ;). See Figure

The analysis of the communication-part of our ISAC scheme is similar as in Han’s scheme. Since the compres-

sion indices take parts of the place reserved for ordinary messages in Han’s scheme, their rates Rwz 1 and Rwz 2 have
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to be subtracted from Han’s communication rates. We thus have the following constraints for reliable communication

and reliable decoding of the compression indices:

Ri+ Rwzy < 1(U; X2, Z2,Un, Xo, ) (6.13a)
Ry + Rwz < I(Uy; X1, Z1,Ur, X1, Z1). (6.13b)
It remains to explain the compression and state estimation in more details. In our scheme,

the index J; (b—1) is obtained by means of a Wyner-Ziv compression [3] that lossily com-

presses the tuple (xﬁ(b—lyZﬁ(b—l)?“ﬁ(b—m?xg(b—m?Zl]c\,](b—z)) for a decoder that has side-information

( J:N ZN uN N N )

F(b-1)" “h(b-1) YR (0—2)° Tk In order for the decoder to be able to correctly reconstruct the

k,(b—2)" “k,(b—2)

compression codeword, the Wyner-Ziv codes need to be of rates at least [3]]
Rwz > I1(Vie; Xie, Zi, Up, X, Ze| X5, Z3, U, Xp0 Z5), k€ {1,2}, (6.14)

where the tuple (Uy, U, X1, X, Z1, Zo, U1, Uz, X1, Xo, Z1, Z) refers to the auxiliary random variables chosen by

Han’s scheme of joint pmf as in (6.11) and V; and V5 can be any random variables satisfying the Markov chains:
Vi = (X, Zi, Uk, Xy, Zi) = (Xp, Zg, Up, Xy, Zg, Sk, Sp)- (6.15)

In Wyner-Ziv coding, the encoder produces a codeword that is then reconstructed also at the Rx. We shall denote
these codewords by v,iv(b_l)(J,;" (b—1)’ Ui (b—1)), for k € {1,2}, where k. (b—1) denotes a binning-index that does
not have to be conveyed to the Terminal k because this latter can recover it from its side-information. Thus, after

block (b + 1) and after decoding index .J ;( with high probability Terminal & can reconstruct the codeword

b—1)
N .
vk7(b_1)(J,;“7(b_1), . (b—1)) chosen at Terminal k.
Terminal k can wait arbitrarily long to produce an estimate of the state-sequence S ,]CV . We propose that it waits

after the block-(b + 1) decoding to reconstruct the block-b state S,JCV ®) by applying an optimal symbol-by-symbol

estimator to the related sequences of inputs, outputs, and channel codewords of blocks b — 1 and b, as well as on the

N .

compression codeword v o (b)

Sk = P (”g@ TR (1) Zh(6) TR (5)> Ui (b-1) T (b-1)1 2k (b-1): ﬁfa(b—l)) ) (6.16)
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where

~ ~ ~ ~ ~ - /
¢§7k(?1]’€,.%'k,Zk,UE,’LLk,l’k,Zk,UE) ‘= arg {nelg Z PSk|XkaU;;(Sk’xk7Zk7uE) dk(skask)' (617)
Sk SOk Sk ESK

By (6.13) and (6.14) and standard typicality arguments, one obtains the following theorem.

Theorem 20 (Inner Bound via Separate Source-Channel Coding). Any nonnegative rate-distortion quadruple

(R1, Ro, D1, D3) is achievable if it satisfies the following two rate-constraints

Ry < I(Uy; Xo, Zo,Us, Xo, Zo) — I(Vi; X1, Z1, U, X1, Z1| X, Zo, U, X2, Z5) (6.18a)

Ry < I(Us; X1, 21, Uy, X1, Z1) — I(Va; Xo, Zo, U, Xo, Z2| X1, Z1,Un, X1, Z1), (6.18b)
and the two distortion constraints

E[di (81, 331(Va, X1, 21, Us, Un, X1, 21, 09)| < Dy (6.15¢)

E[dQ(SQ, &;72(V1,X2,ZQ,Ul,Ug,XQ,ZQ,UQ))] < D, (6.18d)

for some choice of pmf Py, v, x, x,2, 7, and functions f1 and fo satisfying the stationarity condition and Vi, Vs
satisfying the Markov chains (6.15)).

Similarly to Shannon’s inner bound, we can obtain the following corollary by setting X}, = Uj.

Corollary 9 (Inner Bound via Non-Adaptive Coding). Any nonnegative rate-distortion quadruple (Ry, Ry, D1, D2)

is achievable if it satisfies the following two rate-constraints

R1 SI(XI;XQ,ZQ)—I(Vl;Xl,Zl‘XQ,ZQ) (6]961)
Ro < I(X9; X1, Z1) — [ (Va; Xo, Zo| X1, Z1), (6.19b)
and the two distortion constraints
E[di (81, 35,1(V2, X1, X2, 21)) | < Dy (6.19c)
E[dz(sg, é;}z(vl,XI,XQ,ZQ))] < Dy (6.19d)

Jor some choice of pmfs Px,, Px,, Pv;|x,,z,, and Py, x, 7,-
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As the following example shows, above corollary achieves the fundamental rate-distortion tradeoff for some

channels.

Example 3. Consider the following state-dependent two-way channel
Z1=X19X9D Ss and Zo=X160 Xo P 51, (6.20a)

where inputs, outputs, and states are binary and S1 and Sy are independent Bernoulli-p, and po random variables,
for p1,p2 € [0,1/2]. Notice that Terminal 1’s outputs depend on the state desired at Terminal 2 and Terminal 2’s
outputs on the state desired at Terminal 1, which calls for collaborative sensing.

Whenever Dy, < pg, we choose
Vie="2y ® Xy, ® By = Xj, S, ® By (6.21)

where By, is an independent Bernoulli- Dy random variable. If Dy > pg, choose Vi a constant. Inputs X1 and Xo
are chosen independent Bernoulli-1/2, i.e., capacity-achieving on channels with Bernoulli-noses. When Dy, < py,

the optimal symbol-by-symbol state-estimator is
&3 5 (0, 1, w2, 2) = vk @ 15 (6.22)

and otherwise it is the constant estimator qzz%(vk, x1,22,2;) = 0.
For the described choice of random variables, Corollary [9) evaluates to the set of rate-distortion tuples

(Rlu R?) Dlv DQ) SCll‘iSf:yil’lg
R, <1-— Hb(pk) - maX{O, Hb(pjf) - Hb(DE)}a k€ {1, 2}, (6.23)

and achieves the fundamental rate-distortion region. The region in (6.23)) is concave (because the rate-distortion
function max{0, Hy(p;) — Hp(Dy)} is convex), and thus improves over classic time- and resource-sharing schemes.
It also improves over a similar ISAC scheme without collaborative sensing where the compression codewords Vi
and Vy are set to constants. In this latter case, only rate-distortion tuples are possible that satisfy Dy > py, for

ke {1,2}.
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78 6.2. A COLLABORATIVE ISAC SCHEME

6.2.3 Collaborative Sensing and JSCC Scheme

In this scheme, we fully integrate the compression into the communication scheme, in a similar way that hybrid

coding [|25]] uses a single codeword for compression and channel coding in source-channel coding applications.

Wi, ) I\I;berid Soding \;vvith uf,f(b) (Wl,(b)in(bq))
_>Il‘,](\;j*l)’Zl,(b*l)’“l,(b*2)’ > ?N (u{\{(b)7u]1\f(b_1)7x]1\f(b_1)7Z{Y(b_l))
Ty (b—2) #1,(b—2)>
A A
f”ﬁ(bﬂ)
Dl
2L (o-1) ) o T2.0)
Pz, 7,1x1 X125, 55
N N
#1,() Y #2,(b)
Wa, -1 Decoding with | S{V(b) Sév(b)
< N N N ’ ’
L1,(b)> #1,(b)> U1,(b—1)
5 - N N | Ps, s, |
J2,(b-2) T1,(b—1)7 %1, (b—1) f4—

Figure 6.4: A ISAC scheme integrating collaborative sensing for D2D into Han’s two-way coding scheme by means
of hybrid coding. A single codeword is used both for compression and for channel coding.

Encoding and decoding in block b of the new scheme are depicted in Figure The main difference compared
to the scheme in the previous subsection is that here the block-b codeword u]lv ®) is correlated with the inputs and
outputs in the previous block (b— 1)EI This correlation introduces additional dependence between blocks, which was
previously missing because of the independence of the compression codewords and the codewords used for channel
coding in the next block. To still obtain a stationary distribution on the codewords and channel inputs/outputs,
which then allows for a single-letter characterization of the performance of the scheme, one has to choose a joint
pmf Pyri; 7, 7, X, x50, U,» conditional pmfs P, 11X 2100 K0 2 and P, 11X Za0s Ko Zy 3 well as functions f; and fy on

appropriate domains satisfying the new stationarity condition

/ /
PU{U52122X1X2U1U2 (U’l? U9, 21, 22,1, ZEQ)

_ o / ~ ~ = o / ~ ~ =
= § PU{‘Xllelezl(ul‘U’l"rl’217ul’xbZI)PUé|X2Z2U2X2Z2(u2‘x27227u2’uQ’x27z2>

U1,U2,T1,22,21,22
Py, 2,1x, x5 (21, 22|71, 22) {1 = fu(ua, U1, 1, 21) }1{w2 = fa(uz, U2, T2, 22) }

Pyrvy 2, 2,5, x20,0 (U1, U2, 21, 22, 1, T, U, U2), (6.24)

In the following, all mentioned conditional and marginal pmfs are with respect to the joint pmf

2In the previous scheme, the compression codeword vf{ () Was correlated with the block-(b — 1) signals but not the channel coding
codeword u; (). Now the codeword uff (v acts both as a compression codeword and as a channel coding codeword.
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PU{ UL 21 23 X2 XU Us U O Wr Wa ¥ o indicated by the summand in (6.24).

We next explain the code construction, encodings and decodings. For each k € {1,2}, for each block b €

{1,...,B+1}, and each message my, € [2VF*], choose a subcodebook {ué\{(b) (my,7): 7 € [2NBk]} by picking all

entries i.i.d. PU;Q‘ Terminal & then picks the codeword uév ®) (Wh, (v, J) so that the following joint-typicality check is

satisfied for some fixed € > 0:

(U{X(b)(Wk,(bﬁj)a«T{X(b—ly Z;i\j(b_n, uz?(b_2)7 xg(b_Q), Z,]C\’[(b_Q)) € 7;(N) (PU]’CXkaUkaZk)’ (6.25)

and sets J;; (b-1) = j. By standard arguments, such an index j exists with probability tending to 1 as N — oo if
Ry, > I(Ug; Xi, Zi, Up, X, Z1), k€ {1,2}. (6.26)
Terminal & then sends the block-b input sequence

Xow =" (“ﬁ(b) (We.) Tk 5-1) U (1) T -1 Zév,(b&)) : (6.27)

Decoding is again performed using a joint-typicality decoder. At the end of block b, Terminal & looks for indices

wy, and },; satisfying the two typicality checks

(“g(b_l)(wkyjk)@ﬁ(b)’ 2y Yh (5-1) Th (5-1)1 Zh(b_1)) € T (PU,;szkUkaZk) (6.28)

and

N Ao N N n N N N
(UE,(b_1)(wl_c7]E)7xk,(b—2)’ “k,(b—2) Yk, (b—3)> Tk, (b—3)> Zk,(b—3)) € 7;( ) (PU,;XkaUkaZJ : (6.29)

A N

. . . T _ _ ~N
If a unique pair of such element exists, set W, ;,_;) = wy, and U b-1) = Y, (b-1

)(w,;, Jz)- Decoding is successful

with probability tending to 0 as N — oo if
Ry + R < I(Ug; Xy Zio, Ug, Xy Z1) + 1(Ups Xy Z1o U, Xy Zi), k€ {1,2}. (6.30)

State-estimation is similar to (6.16]), but where Terminal k replaces the compression codeword v,];’ ®) by the joint

source-channel codeword u]kv (b+1) and similarly to hybrid coding also uses the inputs/outputs corresponding to the

b+1

block where the codeword uJIV (b+1) is sent, i.e., inputs and outputs in block b + 1. Thus, Terminal k computes its
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estimate of the block-b state as:

S ) = 5 (AR a1y TR (br1) 2R 1) Bk (b) Th(6) Zha(b)s U (b—1)s o (o) o1y o py)s (631

where

G5 1 (UF, Ty 24y UR, Ty 2, Uk, T, 2, Up,) 1= Arg mlél E P, X, zpUy (Sk|Ths 28, up) di sk 5)-
Sk k s1.€Ss

(6.32)

By standard arguments and because of the stationarity condition in (6.24) the probability of violating the distortion

constraints tends to 0 as N — oo if
E i (Sks 651 (Ugs Xt 24, U X 21 Uk X Z0, Up)) | < Dy ko€ {12}, (6.33a)

where X| = f1(U], U1, X1, Z1) and X4 = fo(Uj, Ua, X2, Z5) and the outputs Z] and Z) are obtained from X and
X, via the channel transition law Py, 75| X1 Xo-

From above considerations and by eliminating the dummy rates R and RY, we obtain the following theorem.

Theorem 21 (Inner Bound via Joint Source-Channel Coding). Any nonnegative rate-distortion quadruple

(R1, Ra, D1, D3) is achievable if it satisfies the following two rate-constraints

and the two distortion constraints in (6.33) for some choice of pmf Py1u; 7, z,x, x,u,0, and functions fi and fs

satisfying the stationarity condition (6.9).

Remark 10. We notice that the described compression technique does not use binning as in Wyner-Ziv coding [3].

Instead, decoder side-information is taken into account via the joint typicality check in (6.29).

Remark 11. For the choice U;, = (U}, Vi) with U]! ~ Py, independent of all other random variables and V;
and V3 satisfying the Markov chains in (6.13)), the inner bound in Theorem 21| achieved by our joint source-channel
coding scheme specializes to the inner bound Theorem [20| achieved by separate source-channel coding. For above
choice of auxiliary random variables, the reconstruction functions g, and go can restrict their first arguments only

to the V1- and Va-components without loss in performance.
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6.3 Conclusion

For D2D communication, we also proposed a joint source-channel coding (JSCC) scheme to integrate compression
and coding into a single codeword as in hybrid coding. We extended Han’s coding scheme to include also col-
laborative sensing. Each terminal compressed its block-b inputs and outputs to capture information about the other
terminal’s state and sensed this state-information in the next-following block. In this first collaborative sensing ISAC
scheme that we presented, the sensing did not affect the communication. In the second scheme, we fully integrated

the compression into the communication scheme, in a similar way that hybrid coding.
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Chapter 7

Summary and Possible Research Directions

7.1 Summary

This thesis focused on the fundamental limits of information-theoretic ISAC over multi-Tx or multi-Rx networks.

More precisely:

* In Chapter 2] we glanced at the sensing problem and communication separately. Then we reviewed the naive

practical solutions to integrate the two tasks.

* In Chapter [3] we reviewed the first model of ISAC over state-dependent P2P channels. This work charac-
terized capacity-distortion-cost tradeoff of SDMC by random coding construction and introduced the optimal

estimator (a deterministic symbol-by-symbol estimator).

* Furthermore, in Chapter 3] we had a summary of related works. A line of the work similarly modeled ISAC
where the Tx estimated the state in which the state was assumed slow-varying, which changed the estimation
problem introduced in Section [3.1] to a hypothesis testing. Another line of works modeled ISAC where the
Rx estimates the state in which the state was 1.i.d. Thus, the tools and results had been dual to the model

introduced in Section[3.11

* Chapter [] considered single-Tx two-Rx Bcs. we proposed the inner and outer bounds for the capacity-
distortion tradeoff region of SDMBC. Specially, we characterized the capacity-distortion tradeoff region of
physically degraded SDMBC. We evaluated the proposed schemes through various examples and verified
that ISAC schemes improved the region over naive solutions built on resource-sharing. We also found the

conditions that showed, in some cases, no tradeoff between communication and sensing arises.
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* In Chapter[5] we introduced information-theoretic collaborative sensing schemes in which Txs could cooperate
in communication and sensing where terminals convey data to not only the other terminals but also state-
information that they extract from their previous observations. This state information can be exploited at
the other terminals to improve their sensing performances. Furthermore, as we showed through examples,
our schemes improve over the previous non-collaborative scheme regarding their achievable rate-distortion

tradeoffs.

* In Chapter [6] we proposed two information-theoretic collaborative sensing ISAC schemes, one where com-
pression of state information was separated from channel coding and one where it was integrated via a hybrid

coding approach.

7.2 Possible Research Directions

Various interesting future research directions arise as follows:

* Our results are built on the assumption of i.i.d. states. In practice, it seems that the states at different time
slots can be correlated. Similar to [26,/61]], we can extend our results of ISAC over BCs and MAC with a
slow-varying state. Also, it is worth looking at the correlated state during the communication time slots rather

than the fixed or i.i.d state.

* As far as our knowledge, there has not been any study on ISAC when the Rx estimates the slow-varying or
correlated states. So, there is an exciting line of research to look at the model introduced in [22,30,33}142]]

with slow-varying/correlated states instead of i.i.d state.

* Another outgrowth of our work is the finite-blocklength derivation of achievability and converse bounds. In
practice, assessing the backoff from capacity required to sustain the desired error probability at a given fixed

finite block length is vital. Readers are encouraged to refer to [62]
* The JSCC scheme proposed for ISAC D2D communication could be integrated into our ISAC MAC scheme.

* Another exciting research direction for the MAC scheme is to include state estimation at the Rx. In this re-
spect, it would be interesting to include an additional superposition compression layer to generate compression

information that is only decoded by the Rx but not the other Tx.

* For D2D communication, an interesting extension would be to consider specific channel models and replace

Han’s result with two-way communication schemes tailored to these particular channels.
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7.2. POSSIBLE RESEARCH DIRECTIONS

* There is still lots to know in the secure ISAC whether the estimation happens at Rx, Tx, or both.
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Appendix A

Proofs

A.1 Proofs of Chapter 3

A.1.1 Proof of Lemma[2

Recall that 5 = h(X"™, Z"), and write for eachi = 1,--- ,n:

=
2
n
W

I

Exn zn [E[d(&, S x™, Z”]}

D Pxngn(@™,2") Y Py yngn(Bla™2") > Py, z,(slwi, z:)d(s, 3)
S

™, zn 3eS

P nyn n oL 1 P . . d 8
> Pxngn(a",z )Iénelgzs: i1 2; (@i, zi)d(s, §)

n ~n
AL

— E[d(S;, 8" (Xi, Z0))), (A1)

—
o
Na)

Y

where (a) holds by the Markov chain

(XH, nozi g S) o (X;, Zi)—oS;. (A2)
Summing over all 7 = 1, ..., n, we thus obtain:
INQ - En: E [d(SZ-, 5)} (A3)
i
> ZZ:;E[d(Si, (X0 Z), (A4)

which yields the desired conclusion.
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A.1.2 Proof of Theorem[1|
Converse

Fix a sequence (in n) of (2”R, n) codes such that Limits (3.3)) hold. By Fano’s inequality there exists a sequence

€, — 0 asn — 0o so that:

nR < I(W;Y"™, S™) + nep,
= I(W;Y™ | S") + ne,

= ST HY; [ Y78~ HY: [ WY, 8™ +ne,

= 1

@ ZH (Y; | Si) — H(Y; | X3, Y7L, W, 8™) + ney

b)ZHY|S H(Y; | X;,S:) + ney,

- ZI(XZ-;Yi | S;) + ney, (A-35)
=1

where (a) holds because conditioning can only reduce entropy; and (b) holds because (W, Y"1, §~1 S% ) —

(Si, X;) — Y; form a Markov chain. We continue as:

1 n
R< =Y I(Xy Y| S n
_n;< | Si)+e
(© 1

< = Zcmf<ZPX ZPX >+en
@ Cmf(nzszi@)c LS Y P )m

=1 x =1 x
(e)

< Cint(D, B) (A.6)

where (c) holds by the definition of Cix¢(D, B), and (d) and (e) hold by Lemmal[]

Achievability

Fix Px (-) and functions h(z, z) that achieve C(D/(1 + ¢€), B), where D is the desired distortion and B is the target

cost, for a small positive number € > 0. We define the joint pmf Psxy := PsPx Py |sx.
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Codebook generation Generate 2"R sequences {2 (w) 12:21 by randomly and independently drawing each entry

2nR

+»—1> which is revealed to the encoder and the decoder.

according to Py. This defines the codebook C = {z"(w)

Encoding To send a message w € W, the encoder transmits =" (w).

Decoding Upon observing outputs Y™ = y" and state sequence S™ = s", the decoder looks for an index w such
that

(s", 2" (), y") € T\ (Psxy). (A7)

If exactly one such index exists, it declares W = . Otherwise, it declares an error.

Estimation Assuming that it sent the input sequence X" = z" and observed the feedback signal Z"™ = 2", the

encoder computes the reconstruction sequence as:

N

S = (§"(x1,21),8 (x2,22),...,58 (Tn, 2n)). (A.8)

Analysis We start by analyzing the probability of error and the distortion averaged over the random code construc-
tion. Given the symmetry of the code construction, we can condition on the event W = 1.
We then notice that the decoder makes an error, i.e., declares nothing or W = 1 if, and only if, one or both of

the following events occur:

& ={(S", X"(1),Y") ¢ T\ (Psxv)} (A.9)

& = {(S", X"(w),Y™) € T\ (Psxy) forsomew’ # 1}. (A.10)
where we defined Psxy := PSPXPY‘ gx. Thus, by the union bound:

P = P(EU&) < P(&) + P(&). (A.11)

e

The first term goes to zero as n — oo by the weak law of large numbers. The second term also tends to zero
asn — oo if R < I(X;Y]S) by the independence of the codewords and the packing lemma [20, Lemma 3.1].

Therefore, P\"” tends to zero as n — co whenever R < [ (X;Y]S).
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The expected distortion (averaged over the random codebook, state and channel noise) can be upper bounded as
Im T
AW = ZS"E d(Si,Si)} (A.12)
n i
i=1

I~ N i
:n;E_d(Si,Si)\W%l]Pr(Wiél)

LS s .
+ - Z; E | d(si, )| = 1] Pr(W = 1) (A.13)
1 @& o
< Do+ z; E [d(Si, S| = 1} (1-P). (A.14)

In the event of correct decoding, i.e., W = 1,
(5™, X™(1),Y") € T (PsPx Py|sx), (A.15)

and since S; = (X, Z;), also

(S™, X"™(1),5™) € T (Pgyq) s (A.16)

where Pg ¢ denotes the joint marginal pmf of Py, 4(s,7,2,8) 1= Ps(s)Px(x)Pzsx(2]s,2)1{8 = §" (v, 2)}.
Then,
T =S E[d(ss S)W — 1] < (1 + 9E[d(s, 8 A17
nggongl[um —1] < (1+9E[d(s.9)], (A.17)

for (S, S) following the marginal of the pmf Py ¢ defined above. Assuming that R < I(X;Y]S), and thus P, — 0

as n — oo, we obtain from (A.14) and (A.17):
lim A = (1 +e)E[d(S, S)] . (A.18)

Taking finally € | 0, we can conclude that the error probability and distortion constraint (3.5a)), (3.5b]) hold (averaged

over the random code constructions, the random states, and the noise in the channel) whenever

R<I(X;Y|S9), (A.19)

E [d(S, S’)} <D. (A.20)

Notice that the cost constraint (3.5¢) is fulfilled by construction. By standard arguments it can then be shown that

there must exist at least one sequence of deterministic code books C,, so that constraints (3.3]) hold.
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A.1.3 Proof of Remark[2
Converse

Fix a sequence (in n) of (2"R, n) codes such that Limits (3.3) hold. By Fano’s inequality there exists a sequence

€, — 0 as n — 00 so that:

nR < I(W;Y"™, SR) + ne,
= I(W;Y™ | S}) 4 ne,
— ZH(YZ- | YL SR — H(Y; | W, YL S7) 4 ne,,
=1
(a) .
<Y H(Y;| Sr;) - HY; | X;, Y™, W, S) + ney

=1

O HY: | ) — H(Y: | X Spi) + e

n
=Y I(XyY; | Spi) + nen (A21)
i=1
where (a) holds because conditioning can only reduce entropy; and (b) holds because (W, Y "~ Sit, Shiv1) —
(SR,i, X;) — Y; form a Markov chain.
Define

Coif (DB) =, max  [(X;Y | Sp). (A.22)

Then, we have
R < —ZI X;;Y; | Sri) +en
chgp(sz o i)+
Ze m( Y Pe) HZZPXx@b(x)) te,

i=1 =z =1 x
(e)

< ™ (D, B) (A.23)

inf

where (¢) holds by the definition of C\"%*(D, B) in (A.22), and () and (¢) hold by similar monotonicity and concavity

inf

properties as stated in Lemmal[l]
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Achievability

Fix Px(-) and a function h(z, z) that achieve C(D/(1 + €),B), where D is the desired distortion and B is the
target cost, for a small positive number € > 0. We define the joint pmf Pss, xy := Pss, Px Py|ss,x. Codebook
generation, encoding, and estimation are as described in the proof of Theorem [I} the only difference is in the

decoding at the Rx, where the state S™ has to be replaced by Sg. In more details:

Decoding Upon observing outputs Y = y™ and state sequence Sp; = s';, the decoder looks for an index w such
that

(s%h, 2" (), y™) € T\ (Pspxy) (A.24)

where Ps, xy = ) s Psspxvy. If exactly one such index exists, it declares W = . Otherwise, it declares an error.

Analysis We start by analyzing the probability of error and the distortion averaged over the random code construc-
tion. Given the symmetry of the code construction, we can condition on the event W = 1. We then notice that the

decoder makes an error, i.e., declares nothing or W # 1 if, and only if, one or both of the following events occur:

&1 ={(Sp, X"(1),Y") ¢ T (Pxs,y)} (A.25)
or

& = {(S}, X"(w'),Y") € T\ (Pxsyy) for some w’ # 1}. (A.26)

Thus, by the union bound:

P = P(§ U&) < P(&1) + P(&), (A27)

e

where we consider the average probability of error not only over the random channel noise and states but also over
the random codeconstruction. The first term goes to zero as n — oo by the weak law of large numbers. By the
independence of the codewords and the packing lemma [20, Lemma 3.1], the second term also tends to zero as
n — oo

R < I(X;Y|SR). (A.28)

Following similar steps as in the analysis in Appendix [A.1.2] and using the fact that by the weak law of large

numbers with probability tending to 1 as n — oo:

(8", Sk, X" (1), V") € T (Px PPy Prssx): (A29)
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it can be shown that

lim A™ = (14 €)E[d(S, 5*(X, 2))]. (A.30)

n—oo

Thus when € | 0, the distortion constraint (3.5b) holds (averaged over the random code constructions, the random

states, and the noise in the channel) whenever
E[d(S,5"(X,Z))] < D. (A.31)

Notice that the cost constraint is fulfilled by construction.
By standard arguments it can then be shown that there must exist at least one sequence of deterministic code

books C,, so that constraints are satisfied under conditions (A.28) and (A.31).

A.2  Proof of Chapter 4

A.2.1 Converse Proof of Theorem [11]

Fix a sequence (in n) of (Q”RO, 2”R1,2"R2,n) codes satisfying (6.3). Fix a blocklength n and start with Fano’s

inequality:
1
Ro+R2 = EH(WO;W2)
1 « .
= > I(Wo, Wa; Yai | Y571)) + en
=1
1 = :
< = T(Wo, Wa, Y375 Vo) +en
i=1
= I(Wo, Wo, Yy 55 Yor | T) + ey
S I(W()v WQ, Y2T717 T, Yé,T) + €n
@ 10,
= I(U;Y2) + en, (A.32)
where 7" is chosen uniformly over {1,---,n} and independent of X", Y]", Yo", Wy, W1, Wa, ST, S%; €, is a se-

quence that tends to 0 as n — oo; and U := (Wy, W, YQT_I, SZT_I, T),Ys := Yo and Sy := Sy 7. Here (a) holds
because S ~ Pg, independent of (U, X ), where we define X := X7.

Following similar steps, we obtain:

1
R, = 5H(W1 | Wo, Wa)
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1
EI(WB Y| Wo, Wa) + e

IN

IN

1
ﬁI(WI; Y'1n7Y2n ‘ Wo, W2) + €n

1 <& . .
= QZI(WNE@‘,Y% | Y Y Wo, Wa) + e

=1

IN

1 . o
S I WL YT Y Yo | YT Wo, Wa) + e
=1

—~
=

)

1 @ ,
=~ I(XisYig | Y57 Wo, Wa) +en (A.33)
=1

= I(Xp;Yar | Y381 Wo, Wa, T) + ¢,

—~

DI | U) + en, (A.34)
where we defined Y7 := Y7 7 ; and where (b) holds by the physically degradedness of the SDMBC which implies
the Markov chain (Wo, Wa, Wy, Y71 Vi) — X; — (Y14) — (Ya,), and (c) holds.

Recall that we assume the optimal estimators (4.5) in Lemma [3| Using the definitions of 7', X, S}, above and

defining Z := Zp, we can write the average expected distortions as:

1 n
- > " Eld(Ski» $4(Xi, Zi)] = E[di(Sk, $4(X, Z)]. (A.35)
=1

Combining (A.32)), (A.34), and (A.33) and letting n — oo, we obtain that there exists a limiting pmf Py x such

that the tuple (U, X, 51, S2, Y1, Y2, Z) ~ Pux Ps, s, Py,v, 7|9, 5, x satisfies the rate-constraints

Ro + Re < I(U;Y3) (A.36)
R < I(X;Y | U) (A37)

and the distortion constraints
E[dy(Sk, $7(X, Z)] < Dp, k=1,2, (A.38)

This completes the proof.

A.2.2 Proof of Theorem

Fix a sequence (in n) of (27Ro 27Ri 9nR2 n) codes satisfying (6.3). Fix then a blocklength n and consider an

enhanced SDMBC where Rx 1 observes the pair of states S = (S1,S2) and the pair of outputs Y, = (Y1,Y3). The
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enhanced SDMBC is clearly physically degraded because for any input pmf Px the Markov chain

X—o—(S1,Y1)—o—(S2, Y2) (A.39)

holds.

Following the steps in the previous Appendix [A.2.1] we can conclude that

Ro +Ra < I(U; Y2 | S2) + €n (A.40)
Ro+ R + Ry < I(X;Y1,Ys | S1,59) + én (A.41)
and fork =1,2
1 = Ak A%
- > Eldk(Sk.i $1(Xi, Zi)] = Eldi(Sk, $3(X, Z)]. (A.42)
=1

Consider next a reversely enhanced SDMBC where Rx 1 observes only (Y7, .S1) but Rx 2 observes both state se-
quences Sy := (S, So) and both outputs Y5 := (Y7, Y3). Following again the steps in the previous Appendix |A.2.1]

but now with exchanged indices 1 and 2, we obtain:

Ro+Ri < I(Uy; Vi | S1) + en (A43)

Ro +Ri 4+ Ry < I(X;Y1,Ys | S1,52) + €. (A.44)

Combining all these inequalities and letting first n — oo and then €, | 0, establishes the desired converse result.

A.2.3 Proofs for Dueck’s State-Dependent BC
Optimal Estimator of Lemma 3|

We first derive the optimal estimator 7 (1, z2, ¥}, y5) of Lemma for this example.

Case y} = y5 = 1: In this case, S1 = Sz = 1 deterministically, and thus

§Z(1’1,.7}2, 1, 1) = 1, V($1,$2), k= 1,2. (A45)
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Case y; = 1’ and 4, = 0: In this case, S; = 1 deterministically and
§>{($175E27170) =1, V(I'l,.’L'Q). (A.46)

To derive the optimal estimator for state So, we notice that y’l = 1limpliesxy @ N =1,ie, N =21 P 1. Asa

consequence,

Yy = (z2 ® 21 ® 1)5,. (A.47)

So, for 9 = 21 we have y5, = Sy = 0 and the optimal estimator sets
83(x1,12,1,0) =0, x1 = @9 (A.48)

Instead for zo # x1, the feedback output yé = 0, irrespective of the state S5. The optimal estimator then is the

constant estimator

85(x1,22,1,0) = argmax Ps(§), 1 # xa. (A.49)
3€{0,1}

Case y; = 1,15, = 0: Symmetric to the previous case y; = 0,45 = 1. The optimal estimators are as in (A.48)
and (A.49), but with exchanged indices 1 and 2.

Case y; = y,b = 0: To find the optimal estimators, we calculate the conditional probabilities
Ps, 1x,x,v7v; (|21, 22,91, 5) for yf = 45 = 0.

We again distinguish the two cases x1 = x2 and 1 # xo and start by considering z; = zo. In this case,
1 ®N = 29 ® N, and so if Sy = 1thenyj = y5, = Oonly if x; ® N = 29 @ N = 0, which happens with
probability 1/2 because N is Bernoulli-1/2. By the independence of the states and the inputs for z; = x5 and

k=1,2:

Pg, (1) Pyyvy x,x,8, (0, 0|21, 22, 1)
Pyryyix,x,(0, 0|21, 22)
P(1)1/2

PYl’Yé\XlXQ (0,0[z1, 22)"

Pgy1x1 X7y (1z1,22,0,0) =

(A.50a)

Letk :=3 — k for k = 1,2. If S, = 0, then ¥} = v = 0 happens when either 71 & N = x5 & N = 0 or when

S;=0and z; @ N = 29 & N = 1. Since these are exclusive events and have total probability of 1/2 + Pg(0)1/2,
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we obtain for z1 = x9 and k € {1,2}:

Pg, (0) Pyryy|x, x,5, (0, 0[z1, 22, 0)
Pyryyix,x,(0,0lz1, 22)
Ps(0)(1/2 + Ps(0)1/2)

Ps,1x,x,v7vy (021, 22,0,0) =

= . (A.50b)
Pyyvyx,x,(0, 0|21, 22)
We conclude from (A.50) that for ) = y5 = 0 and z = 1 = x9, the optimal estimators are
§t(z,2,0,0) = 1{Ps(0)(1 4 Ps(0)) < Ps(1)}, k = 1,2. (A.51)

We turn to the case z1 # x2, where 1 @ N = 1 & (z2 ® N). As before, if S = 1, then Y, = 0 only if
x1 ® N = 0, which happens with probability 1/2. Now this implies x5 © N = 1, and thus Y = 0 only if S, = 0,

which happens with probability Ps(0). We thus obtain for z; # x9 and k = 1,2:

Ps, (1) Pyryvy x, x,5,, (0, 0lz1, 22, 1)
Pyryyix,x,(0, 021, 22)
Ps(1)Ps(0)1/2

Pyryyix, x, (0,0]21,z2)

Pg, 1x1 %7y (1@1,22,0,0) =

(A.52a)

If S, = 0, then Y{ = Y5 = 0 happens when z; & N = 0 or when 27 & N = 1 and Sz, = 0. Since these are exclusive

events with total probability 1/2 + Pg(0)1/2, we obtain for 1 # x9 and k = 1, 2:

Ps, (0) Pyryy|x, x,5, (0, 0[z1, 22, 0)
Pyryyix,x,(0, 0]y, 22)
Ps(0)(1/2 + Ps(0)1/2)

P5k|X1X2Y1’Y2’(0’331, x2,0,0) =

. (A.52b)
Pyyyyx,x,(0, 0|21, 22)
Since Pg(1) < 1+ Pg(0), we conclude that for y; = 0, y5 = 0 and 21 # 2, the optimal estimator is
§Z(az1,x2,0,0) :0, Tl 75332, k= 1,2. (A.53)

Minimum distortion

We evaluate the expected distortion of the optimal estimators in (#.47), for a given input pmf Px,x, x,. Let ¢ :=

Pr[X; # Xs]. We first consider the distortion on state Sa:

E[d(S2, 85(X1, X2,Y{,Y3))]
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= Z Py, xyvivy (1,22, Y1,Y5) - Pr[Sa # 85 (21, 22,41, v5) | X1 = x1, Xo = X,
(3317172,y17y/2)€{011}4

YY = Y1, Yg = 92}
(A.54)

(a) o : A oo
= > Py Xy (21,22, 91, Ya) - R Pa,1x: xov{vy (8|21, 22,41, 2),
(z1,@2,y7,y5)€{0,1}4 ’
(A.55)

where (a) follows by the definition of the function §3.

In the previous Subsection[A.2.3] we argued that for y5 = 1 or for (y5 = 0,3} = 1,21 = x2), the state S is de-
terministic (S = 1 in the former case and Sz = 0 in the latter) and thus minge 0,1} P, |x, x,v7v7 (8|71, 72, 91, 95) =
0. We further argued that for (y] = 1,y5 = 0,21 # x2) the transmitter learns nothing about state So, which is thus

still distributed according to Ps. Based on these observations, we continue from (A.53)) as:

E[d(S2, 85(X1, X2, Y7, Y3)]
= Pr[X; # X5, Y{ = 1,Y; = 0] min{Ps(0), Ps(1)}

+ > Pxixyivy(31,32,0,0)
(z1,2)€{0,1}2
min{ Ps, | x, x,v7vy (0]z1, 22, 0,0), Ps, | x, x,v7vy (121, 22,0,0) }

© prix, # X0, N = X1 © 1,5, = 1| min{Ps(0), Ps(1)}

+PHX) = X %min{Pg(l), Ps(0)(1 + Ps(0))} + Pr[X, £ Xa)] %Pg(O)Pg(l) (A.56)
= sta(minfg, (1 - )} + (1)) + 3 (1~ gmin{g, (1 - )2~ 0)}. (A57)

where in (b) we used (A.50)—(A.53) and the fact that when X; # Xy, then event {Y] = 1,Y, = 0} is equivalent to
event {N = X; & 1,5 =1}

Proof of the Outer Bound

The outer bound is based on Theorem [I2] as detailed out in the following. The single-rate constraints (4.30a)

specialize to

Re < I(Uk; Yy, Xo | S1,52) (A.58)

< 1(U; Xo) (A-59)

=
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<1, (A.60)

where the equality holds by the chain rule, because (U1, X) and (S1, S2) are independent, and because I(Uy; Y7 |
Xo, 51, 52) = 0 due to the Bernoulli-1/2 noise N.
Defining ¢ := Pr[X; # X3], Bound {#.30Db) specializes to:

Ri+Ry < I(Xo, X1, X2;Y{,Y3, X0 | S1,52) (A.61)
D H(Xo) + 1(X1, X5 Y3 | S1, 85, Y], Xo) (A62)
) H(Xo) + I(X1, Xo; Y] | S1 = 1,8 = 1,Y{, Xo) (A.63)
= H(Xo)+ (X1, X0, Y, ®Y] | S1=1,5 =1, X)) (A.64)
D H(Xo) + Ps. 5, (1 1) H (X © X) (A.65)
< 1+ 2 Hy(t). (A.66)

where (d) holds by the chain rule and because (X1, X2;Y{ | Xo,S1,S2) = 0 due to the Bernoulli-1/2 noise N; (e)
holds because for (s1, s2) # (1,1) the mutual information term (X, Xo; Yy | S1 = $1,52 = s2,Y{, Xo) = 0 due
to the Bernoulli-1/2 noise IV; and ( f) holds because for S; = Sy = 1wehave Yy Y] = (Xoa®@ N) D (X1 & N) =
Xo @ X, and because conditioning can only reduce entropy.

The sum-rate constraint is maximized for t = 1/2, which combined with establishes the converse

to the capacity region in (#.52)).

Proof of Achievability Results

We evaluate Proposition [2| for different choices of the involved random variables. Since we ignore the common rate

Ro, bound (4.32d) is not active and can be ignored.

« First choice
- Xo, X1, X2 Bernoulli-1/2 with X independent of (X, X2) and X; = Xy = x with probability % for
allz € {0,1};
- U, =X, fork=0,1,2;

- Vi = (Xo,X1), Vo = (X0, X2), Vo = X1 @Y.
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We plug this choice into Proposition[2] Constraint (4.32a) evaluates to:

Ri < I(Uo, Ur; Y1, Vi | S1) — I(Uo, Ur,Us, Z; Viy, Vi | S1, Y1)
= I(Xo, X1; X0, Y7, 51,52, X1 | S1)
_I(X07X17X27Y1/5Y2,;X1 EBlelv)(()))(l | Sl)SQaX07Y1/)

(©) H(Xo) + H(X1) — H(X, | Y])

—

= H(Xo) =1

where (e) holds because Y7 is independent of X due to the Bernoulli-1/2 noise N.

Constraint (4.32b)) evaluates to:

Re < I(Uy, Uz; Yo, Vo | S2) — I(Uy, Uy, Ua, Z; Vi, V2|52, Ya)
= I(Xo, X2; X0, Y5, 51,52, X2 | S1)

_I(X07X17X27}/1/7Y2/;X1 @ Y1/7X07X2 | 517527X07}/g)
)]

Dy (1 - g)(H(t) + 9,

= H(Xo) + H(X2) — H(Xy) — H(X1 ®Y] | S1, 52, Xo, Yy, X2)

(A.67)

(A.68)
(A.69)

(A.70)

(A.71)

(A.72)
(A.73)

(A.74)

where (f) holds because of the chain rule and the independence of X and Y7; and (g) holds because for

S1 = 0 the XOR X, @Yll = X; and thus H(Xl @Yll ’ Sl,SQ,Xo,YQ/,XQ) = H(Xl ‘ XQ),fOI' S1=5=1

the XOR X; @ Y{ = Xo @ Y7, and finally for S; = 1 and Sz = 0 the XOR X; @ Y{ = N independent of

(Yg =0, X2).

Constraint (4.32b) evaluates to:

Ri +Ro

< I(Uy; Y1, Vi | Up, S1) + I(Ua; Yo, Va | Uy, Sa) +kg{111112}I(U0;Yk,Vk | Sk) — 1(Uy; U2|Up)

—1(Uo,U1,Us, Z; V1 | Vi, S1, Y1) — I(Uo, U1, Uz, Z; Vo | Vi, S2,Y2)

— max I(Uy, Uy, Us, Z; Vy | Sk, Yr)
ke{1,2}

= I(X1; Xo,Y{, 51,5, X1 | Xo,51) +I(X2; Xo,Y5, 51,52, X2 | Xo,52)

=H(X1) =H(X2)

(A.75)
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+ min I(XO;X05Y16,751;327X’€ | Sk‘)

ke{1,2}
=H(Xo)
- I(Xl;XQ) _I(vavlla}/QI;XoaXl ‘ Xl@YI,>X0a§7Y1,)
=H(X1)—H(X1|X2) =0
- I<X7 Y1/7 YQ/a XOv X2 ‘ Xl S YV{) XU) §7 YQ/) - kH}aX} I(K) Yll7 Y2/7 Xl ©® Yll | §7 X07 Y]g/) (A76)
E
:H(X2|XlEBY1',Sl,SQ,Y2,) :H(Xl@Y{|Sl,SQ7Yk/)
h
W oo b Ho(t) — H(X2 | X1 ® Y/, 51,5, Y]) — H(X, & Y]) (AT7)
D14 Hy(t) - (1— ) Hy(t) — q(1 - g), (A.78)

where we used the abbreviations X = (Xo, X1, X2) and S = (51,52) and (h) holds because X; @ Y] is
independent of (51, .S2,Y))), for k = 1,2; and (¢) holds because for S; = Sy = 1 we have Xo = Y, Y] d X,
and thus H(X, | X1 & Y/,51 = 1,8 = 1,Y)) = 0, for S; = 0 the XOR X; & Y/ = X; and thus
H(Xs | X1 ®Y/,51 =1,5,Y)) = H(X2|X1) = Hp(t), and finally for S; = 1 and Sy = 0, we have
X1®Y/=NandY] =0andthus H(Xs | X1 &Y/, 51 =1,52=0,Y)) = H(X3) = 1.

The presented choice of parameters can thus achieve all rate-distortion tuples (Rg, R1, R2, D1, Do) satisfying

the distortion constraints in (4.49) (which only depends on the probability ¢ := Pr[X; # X5]) and

R <1 (A.79a)
Re <1—(1—q)(Ho(t) +q) (A.79b)
Ri +Ra <14 ¢gHy(t) — q(1 —q). (A.79c¢)

¢ Second choice

Same as the first choice except that Vy = X5 @ V5. Following symmetric arguments as above, we conclude

that for this choice the constraints in (4.32)) evaluate to:

Ry <1—(1—q)(Ho(t) +q) (A.80a)
Ry <1 (A.80b)
Ry 4+ Re < 14 qHy(t) —q(1 —q). (A.80c)

* Combining the Choices and Time-Sharing

From the two previous subsections, we conclude that for any ¢ € [0, 1] the set of rate-distortion tuples
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(Ro, R1,Re, D1, D2) is achievable if it satisfies (4.49) and

Ro+R; £1 (A.81a)
Ro+ Ry <1 (A.81b)
R0+R1+R2 < 1+qu(t) —q(l—q). (A.SIC)

As previously discussed, for ¢ < 1/2, the distortion constraints (4.49) do not depend on ¢, and thus without

loss in optimality in (A.8T) one can set ¢ = 1/2, which results in a sum-rate constraint

Ro+ Ri + Ry <1+ ¢% (A.82)

Combined with (A.81a) and (A.81b), this sum-rate bound establishes the achievability of the capacity region
in @.52).

For ¢ > 1/2 the distortion constraints (4.49) are either increasing or decreasing in ¢. The set of achievable rate-
distortion tuples is then obtained by varying ¢ either over [0, 1/2] or over [1/2, 1]. Numerical results indicate
that the so obtained set is not convex and the convex hull is obtained by considering convex combinations

between different values of ¢ > 0 and ¢t = 0 for g € [2/3,1] and t = 1 forq € [1/2,2/3].

A.2.4 Proof of Lemma

Recall that S”,? is a function of X™, Z" and write foreach: =1, --- ,n:
E [dk(sk,i, sk)} = Exn zn [E[dk(sk,i, Spa)| X", Z”]} (A.83)
@ Z Pxrngn(z™, 2") Z sl X 2 (g |x", 2")
T 2" $ESk

> P ix,z, (slwi, z)d(se, 5k) (A84)

Sk

- min ZPSkZ|XZ (Sk|$z,zz) (Skvgk)
SkESk

= E[d(Sk,i, 81.:(Xi, Z:))], (A.85)

Vv
i
5
8
l\z

where (a) holds by the Markov chain

<XZ ! z—i—lﬂZz 1 z+178k z) (XZaZl)_O-Sk,z
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Summing over all ¢ = 1,. .., n, we thus obtain:
1 . 1 & »
AP = =3B [d(Shis Skl = = D7 Eld(Skas 51X 2)) (A86)
i=1 i=1

which yields the desired conclusion.

A.2.5 Proof of Proposition 3]

It suffices to show that under the described conditions, the distortion constraint (4.31)) does not depend on Px. To

this end, we define T}, = 1% (X, Z) for k = 1, 2 and rewrite the expected distortion as:

E[d(Sk, Sk = > Pxz(w,2) Y Psxz(s|@,2)-d(s, 8 (z, 2)) (A.87)
(z,2)EXXZ SES
@ Z PXZ(-Z', Z) ’ rlml} Z PSka\XZ(Sat ’ l’,Z)d(S,S;) (ASS)
(@,2)EXXZ €5k (5,18, X Th

2 Y. Pxz(x,2)L{t = ¢(,2)} - min > Psr(s | )d(s, ') (A.89)

(2,2,t) EX X ZX T 5T €Ok SESy,

= > Pr(t) min > Pg,p, (s | t)d(s, s) (A.90)

/

teTr, COk ey,

where (a) holds by the definition of $;(x,z) and the law of total probability; and (b) by the Markov chain
Sg—o—Tr——(X, Z), see (#.33), and because T}, is a function of X, Z. The independence of the pair (T}, Sk)
with X from (4.36), together with the above expression implies that the expected distortion does not depend on the
choice of the input distribution Px. Hence, we can conclude that for any given B > 0, the rate-distortion tradeoff

function C(D, B) is constant over all D > Dy, and coincides with the capacity of the SDMC Cnogst(B).

A.3 Proof of Chapter 5

A.3.1 Proof of Theorem

To derive an upper bound on the average error probability (averaged over the random code construction and the state

and channel realizations), we enlarge the error event to the event that forsome k = 1,2andb=1,..., B:

Wiev) Z Wiy OF Wip ) # Wipm) oF Wéi{(b) F Whe ) (A91)
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or
Jewy =—1 or T ) # Jew or j,gi)b) # Ji - (A.92)
For ease of notation, we define the block-b Tx-error events for k =1,2andb=1,..., B:
Er(t) = { Wi A Wiy or T80 # Ty or iy = } (A.93)
and
Enxk(B+1) ::{ ?B 4T } ke {1,2}). (A.94)

Define also the Rx-error events for k = 1,2 and block b=1,..., B + 1:
Exn) = {Weeto-) # Wee-n) o Wipo) # Win o Jeoon # Jipon: =12} (A99)
By the union bound and basic probability, we find:

B+1
Pr (Wl #+ Wi or WQ #* WQ) < Z Pr (ng,(b)

b=1

B+l )
U {&rx1,0)5 ng,2,(b/)}>

b'=1

B+1 b—l _ _

+ Z Pr <5Tx,1,(b) U {5TX71,(b’)’ 5Txv2u(b’)}>
b=1 b=1
B+1

+ Z Pr <5Tx,2,(b)

b=1

b—1
U {Erx1,0)s 5Tx,2,(b')}> . (A.96)

b=1

We analyze the three sums separately. The first sum is related to Tx 1’s error event, the second sum to Tx 2’s

error event, and the third sum to the Rx’s error event.

Analysis of Tx 1’s error event

To simplify notations, we define for each block b € {2, ..., B + 1} and each triple of indices (57, ws, J2) the event

Frxi,v) (75 W2, J2) that the following two conditions (A.97) and (A.98)) (only Condition for b = 1) hold:

<u

N 3-(1) N *
0,(b) (WLc,(b—l)v WQ,c,(b71)>’ ul,(b) (Wl,c,(b)a 1,(b—1) ‘ Wl,c,(b—l)? WZ,C,(b—l))

ué\f(b) (UA)Za 52 ‘ Wl,c,(b—l)’ W2,c,(b—1))a le\f(b) <W1,p,(b) ‘ Wl,c,(b), Ji(b—l)’ Wl,c,(b—l)a W2,c,(b—1))7
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v ) (ji“ ‘ T 1) Wi, (0) @2 J2: Wi e b 1) szz(b—l))v Zf(b))

S 7;N(PU0U1U2X1V121) (A97)
andif b > 1
(U(J)\Z(b_n (Wl,c,(b—Q)a WQ,c,(b—Q)) ;
( )<W1c(b 1 J7 (p-1) ‘ch b—2)> Wac (- 2))
b 1)<W2,c,(b 15 J2,(b—2 ’ Wi b-2) Wae (- 2))
x{\fb 1)( -1 ‘ch b-1),J1. (b_g)awlc(b—2)7W20(b—2))7
N

V3 (b— 1)(12 ‘ Wie,-1)> I1 02y Ware,(0-1)> I3 (62 Wi, (0-2)> Ware, (b 2))

Zf\,[(bn) € TV (Puyvrvaxivez,).  (A98)

I ICOR 1)

Notice that compared to (5.19) and (5.20), here we replaced the triple (W( ) 2 e(b—1) 2. (b—2

90 (b—2) )) by their cor-

rect values Wy ¢ 52y, Wa . (b-1)> J§7(b_2)). Similarly, define the event Fry; (p41) (jo) as the event that the following

two conditions are satisfied:

N
<u07(B+1) (Wl,c,(B)a WQ,C,(B)) ’
U{Y(B+1) <1, JT,(B) ’ Wl,c,(B)7 WZ,C,(B))7 UQ{(B+1) (1752 ‘ Wl,c,(B)v WZ,C,(B))?

ijlv,(BH)(l ’ Wl,c,(B+1),Jl*,(B),W1,c,(B),W2,c,(B))7 Z{Y(BH)) e TV (Puntnxizy)  (A99)

and

<uév,(3) <W1,c,(371), Wz,c,(B,l)) ,

Ujl\j(B) (WLC,(B), Jf,(B) ‘ Wl,c,(B—l)a WQ,c,(B—l))a
“§Y<B> Wzg,lc)mb']z(,l()B—l) ‘ WLCKB—l)’WQ(,lc),(B—l))’
1’{\,[(3) (Wl,p,(B) ‘ Wi (B): Jf,(B_l)a Wie(B-1); WQ(,lc),(B—l))’
vo(B) (J2 ‘ Wi ) J1,(B-1)> Wg(,lc),(By Jg(,l()B_l)» Wi e.(B=1)5 Wz,c,(Bq)),

Z{\,[(B)> € 7;N(PU0U1U2X1V2Z1) (A.100)
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We continue by noticing that event Ug;ll {ng,l,(b’)7 ngﬁgy(b/)} implies that forall ¥/ =1,...,b— 1,k =1,2:

émw:”%mw (A.101)
Jew) # 1 (A.102)
5(k) _
Jk,(b’—l) = Jk,(b’—l)' (A.103)

Moreover, for any block b = 1,..., B + 1, event ng,l,(b) is implied by the event that Fpy () (J7, Wy, J2) is not
satisfied for any tuple (j§, 19, j2) With (19, jo) = (Wa e v), J;,(b—l)) or it is satisfied for some triple (ji, s, J2)
with (g, jo) # (Wa e )5 Jg’(b_l)). Thus, the sequence of inequalities on top of the next page holds, where the
inequalities hold by the union bound. By the Covering Lemma [|63]], the way we construct the codebooks and the

weak law of large numbers, and because we condition on event S_Tm’(b,l) implying .J5, , # —1, the first summand

in (A.104c) tends to 0 as N — oo if
Ry > I(V1; X121 | UgUpUs). (A.105)

By the way we constructed the codebooks, and standard information-theoretic arguments [63]], the sum in the second

line of tends to 0 as N — oo, if
Riy+Roy + Roe < I(UVi; Z1 Xy | UgUn) + 1(Va; Z1. X4 | UgUiUs), (A.106)
the sum in the third line of tends to 0 as N — oo if
Ry v+Roy < I(UaVi; Z1X1 | UgUn) + 1(Va; Z1 X1 | UgUqUs), (A.107)
and the sum in the fourth line of tends to 0 as N — oo if
Ryt Roe < I(Z1X1; UsVA | Uply). (A.108)

Since Condition (A.107) is obsolete in view of (A.106), we conclude that for any finite B the sum of the probability
of errors 21! Pr (ng,l,(b)‘ Ue, {Er1,0)5 ng,Q,(b’)}) tends to 0 as N — oo if Conditions (A.T03), (A.106)),
and (A.108) are satisfied.
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b—1
Pr <5Tx,1,(b) U {Erx1,0)s 5Tx,2,(b')}>
b—1
=Pr << m ]}Txl,(b)(jinc,(byJi(b_l))>
ISl
1

j*e 2"R'u,1}

b—1
U( U Frx1,(b) (J'fﬂf)mjé)) U {Erx1,0)s 5Tx,2,(b/)}>
( b=1

R 35 2,92)
(2,52)#(Wa,c,0) 15 (1))

(A.104a)
<Pr| () FrawUi Waew), U {Er10)r Erxaon )
jiel2 ] =
-1 )
—|—Pr< U Frxt,v) (U1, W2, J2) U {Erx1,)5 5Tx,2,(b/)}> (A.104b)
(]17w27.72) b=l
(02,32)#Wac,(b) 75 (1)
i b—1
< Pr ﬂ Frst,0) UT> Wae (0)5 3, (5-1)) U {Erx1,)) Erx2,) )
jTE[QnRU’l] =1
b1
T Z Pr (]’Txlv(b)(jf,u?z,h) U {Erx 1, Erx, b’)})
(G b2, J2) : b=t
71:}27£W2,c,(b)7
j27éJ§’(b,1)
-1 )
+ > Pr (FTx1,<b>(ji‘,Wz,c,w),m) U {€rcrens 5Tx,2,<b')}>
(1) =1
j27£‘];,(b—1)
+ > (fm ) (I W2, I3 5-1y) U {Eraw) Eme b'>}> (A.104c)
(7} 02): =1

WaFEW2 ¢, (b)
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Analysis of Tx 2’s error event

By similar arguments, one can also prove that for finite B the sum of the probability of errors

S Pr (Encn, )| Uph {800 Ercan }) tends to 0as N — oc if Conditions (5.253), (5:258), and (5.259),

are satisfied for k = 2.

Analysis of Rx’s error event

For eachblock b = 2, ..., B and each tuple (w1 ¢, w2 ¢, W1,p, W2 p, 1, j2) define Fry ) (w1 e, W2,c, W1 p, W2 p, 1, J2)

as the event

(ué\j(b) (wl,w w?,c)a u{\j(b) (Wl,c,(b)a jl ’ W1,c, wQ,C) ) ué\f(b) <W2,c,(b) ) j2 ‘ W1,c» w276> )

xi\f(b) (wl,P ) WLC,(b) ) j17 W1,c, wQ,C) ) xé\{(b) (wzp ‘ WQ,C,(b) 5 jQ, W1,c, 1,U2,C>

oo (10 [ W00 Waor w131, 02e02) 080y (o) | Wrier Wao 0115 e 1),
Y(%) € Tae(Puytn v, X, XY )- (A.109)
We continue by noticing that for b = 2,...,B event ng,(b) is equivalent to the event that

Fru,(0) (W16, W, W1 p, Wap, J1,J2) @5  not  satisfied for the tuple (wie, w2, w1 yp, wap,j1,52) =
(W1 e,6-1)> Wa,e,(5-1)> WLp,(b)’W27p,(b)vJi(bq)ﬂ];,(bq)) or it is satisfied for some tuple
(Wi o, Wips Wop, g1, J2)  F (Wi o-1) Ware,0-1)s Wi, ) Wop,0) J1 9-1)> J3,5—1))-  Similarly for
events ng’(l) and ng,( B+1)- Thus, for b € {2,..., B}, the sequence of (in)equalities holds,

B+l )
U {Erx1,0)s 5Tx,2,(b/)})

b'=1

=Pr (( U fo,(b)(chaw2,07w1,p7w2,p7j1’j2)>

(W1,e,w2,c,W1 p,W2,p,J1,52) 7
Wie,(6-1)Wa,e,(0-1)W1,p,(0) W ,p,(0) 7 51075, (5—1))

U FRr,(b) (Wl,c,(bflﬁ Wae,o=1)> Wip,8)> Wop,8)> J1 -1 Ji(b,l))

Pr <8Rx,(b)

B+1
U {ng,l,(b’)7 5Tx,2,(b/)} > (A.110a)
b'=1
B+1
S Z PI‘ <fRX7(b)(w1,C7w2,C7 w17p7 w27p7j17j2)> U {ng,l,(b/)7 STX,2,(b’)} )
(wl,ca’LUZ,cﬂUl)p,wg’p,jl7]'2)7& b1

(Wl,c,(b—l) 7W2,c,(b—1) 7W1,p,(b)9

W2,p’(b)v‘]f,b—1v‘]2,(b71)
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+ Pr (.FRX,(b) <W1,c,(b—1)7 W2,c,(b—1)v Wl,p,(b)a W2,p,(b)a ‘]ik,b—lv Jg,(b—l)) |
B+1 B )
U {Erx1,0)s STX,Q,W)}> (A.110b)
b=1

where the inequalities hold by the union bound.

By the event in the conditioning and the way we construct the codebooks, and by the weak law of large numbers

and the Covering Lemma, both summands tend to 0 as N — oo if (5.25)) hold.

The scheme satisfies the distortion constraints (6.3b) because of (5.25]) and by the weak law of large numbers.

A.3.2 Fourier-Motzkin Elimination

We apply the Fourier-Motzkin Elimination Algorithm to show that Constraints (5.23)) are equivalent to the constraints

in Theorem [I7] For ease of notation, define

To = I(Vi; X1 XoY | U) + I(Va; X1 XoYVi | U)
I =1(Vi; X121 | U)

I :=1(Va; XoZ5 | U)

I3 .= I(Uy; XoZ | UgUs)
Iy = I(Ug; X121 | Ugln)
Is = 1(V1; X222 | U)

Ig == I(Vo; X121 | U)

It .= I(X 1 Xo; YW1 Vo | U)
Iy = I(X1;YViVa | UX>)
Iy :=I(X;YViV, | UXy)
Lo == 1(X1;Y | UpX2)

Iy :=1(Xo;Y | UpX1)

Ly = I(X1 X2, Y | UpUs)
Ly = (X1 XY | Upl)
Ly = I(X1X2;Y | Up)

Iis = I(X1X2;Y).

(A.111a)
(A.111b)
(A.111c)
(A.111d)
(A.111e)
(A.1116)
(A.111g)
(A.111h)
(A.111i)
(A.111j)
(A.111K)
(A.1111)
(A.111m)
(A.111n)
(A.1110)

(A.111p)
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Setting Ry, . = Ry, — Ry, pp, with above definitions we can rewrite Constraints (5.23)) as:

Riy> 1 (A.112a)

Roy > I (A.112b)

RowtRy — Rip < I+ I3 (A.112¢)
Riyt+Ry — Ryy < Iy + Iy (A.112d)
Riw+ Row+Ri—Rip < L+ Is+ I (A.112¢)
Riv+Roy+ Ry — Rop < It + 14+ I (A.112f)
Rip+ Royp < I7 (A.112g)

R, <1y (A.112h)

Rap < Iy (A.112i)

Riy+Rip < Tio+ I (A.112))

Ro + Rop < It + I (A.112K)

Riy+ Rip+ Rop < o+ Iy (A.1121)
Row+ Rip+ Rop < Lis+ I (A.112m)
Riy+ Rip+ Roy+ Rop < L+ Io (A.112n)
Riy+ Ry + Ryy+ Ry < Iis + L. (A.1120)

In a next step we eliminate the variables R, and R» , to obtain:

Ri— Ry, < I (A.113a)
Ry — Ry, < Iy (A.113b)
Ri—Riy<Ii+Is— 1 (A.113c)
Ry— Rop < Lit+ I — I (A.113d)
Ry p <min{lg, 1o+ lo — 1 } (A.113e)
Ry < min{ly, 1y + I — I} (A.113f)

RLP + R27p < min{I7, Lo+ 1y— 11,

Lis+1Io— I, L1u+ 1o — 1) — I} (A.113g)
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Ri+Ry<Ihis+1g—1I1— I

(A.113h)

Notice that I; > I and Io > Ig because Vi — (Z1X1U) — (X2Z2) form a Markov chain, and thus Constraints

(A:1134) and (A.T13b) are inactive in view of Constraints (A.113c) and (A.T13d). We thus neglect (A.113a) and

(ATT3D)) in the following. Eliminating next variable R; ,, where we take into account the nonnegativity of R , and

Ry — Ry, we obtain:

Ry <Is+Is — I, + min{ls, o + Io — I}
Ri+ Ry p < I3+ Is — I1 + min{l7, 1o + Iy — I,
Iis+ 1o — Iz, Iya + Io — Iy — Iz}
Ry~ Rop < Ii+ I — Iy
Ry, < min{lg, I11 + Ip — L2}
Ry, < min{l7, 1o + Ip — I,
Iis+ 1o — I, Iya + Io — Iy — Iz}

Ri+Ry<Iis+1lg—11— I

and

Is+1Is > 11

Io + Ip > 1.

Notice that Iy > Ig and I13 > I and therefore the two Constraints (A.114d) and (A.114€]) combine to

Ry )y < min{ly, I11 + Iy — I,

Lo+ 1y— I, L1u+ Ip — I — Ip}.

Eliminating finally R, (while taking into account the nonnegativity of Ry, and Ry — Ry ) results in:

Ri<I3+1Is—1h +min{]8, I+ Iy — Il}
Ry < I3+ Is — I + min{l;, [12 + Iy — I3,

Ls+1y— I, 14+ Ip— I — Iy}

(A.114a)

(A.114b)

(A.114c)

(A.114d)

(A.114e)

(A.114f)

(A.114g)

(A.114h)

(A.115)

(A.116a)

(A.116b)
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Ry < Iy+ I — Iy + min{ly, I11 + Iy — I

No+To— I Tu+Io— I — Ip} (A.116¢)

Ri+Ro<Ily+Ilg—I+1s+1;— 11

+ min{l7, 1o+ Io — I,
Lis+1o—In, liu + 1o — I — I} (A.116d)
Ri+Ro<lis+1Iy—11 — I (A.116¢e)
and

Is+ 15 > 1 (A.116f)
L+ 1> I (A.116g)
Iyw+Ip>1L+ 1o (A.116h)
Lo+ 10> 1 (A.1161)
Iii + 1o > I (A.116))
Iio+ Iy > I4. (A.116k)

Notice that I12 > I and thus (4.42) is obsolete in view of (A.116i). Moreover, since also I7 > Ig, Constraints

(A.1164) and (A.T16b) combine to

Ry < I3+ I5 — Iy + min{lg, I1o + Ip — I1,

Lis+ 1y — s, [1a+ Ip — I — I2}.

The final expression is thus given by constraints:

Ry <Is+Is— I + min{ls, o+ Ip— I

Liz+ 1o — I, Iya + Iy — Iy — Iz}

Ry < Iy + Ig — Iy + min{ly, I11 + Iy — I

Lo+ 1Io— I, vy+ Io— 1 — I}
Ri+Ro<ly+Ilg—L+Is+1s— 11

+min{l7, Iio + Iy — I,

(A.117)

(A.118a)

(A.118b)
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Lis+1Io— Iz, Iia + 1o — I — I2} (A.118¢)
Ri+Ro<lis+1Iy—11 — I (A.118d)
and

Is+ 15> 1 (A.118e)

Iy+ Ig > Do (A.118f)

Ly+1Ip> 1+ 1o (A.118g)

Lo+ 1> 1 (A.118h)

111-1-[0 > I, (A.]]Si)

A.4 Proof for Example 2

In this part, we explicitly evaluate Theorem[T7]and Corollary [16]for Example[2] To omit the unnecessary complexity,

we assume Rx observes the output and states, so we replace Y by Y = (Y”, S1, S).

A.4.1 Distortion 2 in Example 2|

We compute the distortion directly by choosing the state which makes minimum distortion at each case mentioned

in the proof of Example |2} The detailed steps of the distortion computation is as follows:

D2 = Z P527U1X2Z2V1 (527u17$27z2701)d(‘§2752)
So,U1,X2,22,V1
= Pr[Xy = 0] min{ps, ps }

+min{Pr[Sg —0,U1=0,X0=1,Z0=1,Vi = 1,Pr[Ss = 1,U; =0, Xo = 1, Zp = 1, Vj = 1]
Y'=1,B=0

+ min PI’SQZO,Ul:1,X2:1,Z2:1,V1:1],PI‘[52:1,U1:1,X2:1,22:1,V1:1}

4+ ming Pr[So=0,U;1=1,Xo=1,Z,=2,V; :1],PI'[52:1,U1:1,X2:1,Z2:2,‘/i:1}

—— Y~ = ——

{Pr]
—|—min{Pr[S’2:O,U1 —0,Xo=1,Z,=2, Vi =1],Pr[Sy = 1,U; = 0, Xo = 1, Z = 2, V; = 1]
{ Prl

= Pr[X, = 0] min{p,, ps}
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+ min{PSQ(O)PULXQ(O, 1) Pyr,0, x5 (1] 0,0, 1) Pyypyer(1] 1),
Ps, (1) Px, v, (110) Pp(0)
Ps, (1) Py, x,(0,1) Pyrjsirx, (11 1,0,1) Pryp(1] 1) }

1—Ps, (1) Pxy v, (110) Pp(0)

+ min {P52(0>PU17X2(17 1) PY’\SQU1X2(1 10,1,1) PZQIY’(l | 1)
Ps, (1) Px, vy (111) Pp(0)
P52(1>PU17X2(17 1) PY"SQUlXQ(l | 17 17 1) PZQ|Y/(1 | 1) }

1—Psy (1) Pxy v, (111) Pg(0)

+ min {PSQ(O)PUL)Q(O, 1) Pyys,0nx, (1] 0,0, 1) Pyypye(2| 1),
Ps, (1) Px, vy (110) Pp(1)
Ps, (1) P, x,(0,1) Py, (11 1,0,1) Prpye(211)

1-Ps, (1) Px, |, (1/0) Ps(1)

v min{sz(O)PULXQ(l, 1) Pyrsyvn, (1] 0,1,1) Pyyyr(2 | 1),

Pe, (1) Py, 0, (111) Ps(1)
PSz(l)PUl,Xz(:L? 1) PY"SQU1X2(]' | 17 17 1) PZ2|Y’(2 | 1) } (Allg)
1-Ps, (1) Px v, (111) Pp(1)

which simplifies to (5.34)

DFZ = Py, (0) min{p,, s}
+ Py, x,(0,1) - min {ﬁs -pstitita + (1 — peri)tita,  ps- (1 —psrl)ﬁﬁ}
(A.120)

+ Py, x,(1,1) - min {ﬁs “pstitity + (1 — ps71)tate,  ps- (1 —Psfl)flfz} (A.121)
We compute the distortion directly according to the scheme introduced in Corollary (16) without using r.v V;:

Corollary{16| "
D2 : Z PSQ,U1X2Z2<327u17x2722)d(32732)

Sa,U1, X2, 2

= Px, (O> min{PS2(1)7 PSz(O)}
+min{Pr[Sg =0,Xo=1,U;=0,72, = 1],PT[SQ =1,Xo=1,U;=0,725 = 1]}
—|—min{Pr[52 =0,Xo=1U1=1,25 = 1],PI[SQ =1,Xo=1,U,=1,25 = 1]}

—l—min{Pr[Sg = O,X2 = 1,U1 = O,ZQ = 2],Pr[52 = 1,X2 = 1,U1 = O,ZQ = 2]}

112



APPENDIX A. PROOFS 113

+min{Pr[Sy =0,Xo =1,U;1 =1,Z, =2|,Pr[So = 1,Xo = 1,U; = 1,25 = 2|}
= Py, x,(0,1) min{ps(psr1t + (1 — psr1)), ¢(1 — psr1)ps}
+ Py, x, (1, 1) min{ps(psrit + t(1 — psr1)), t(1 — psT1)ps}
+ Py, x,(0, 1) min{ps(psr1t + t(1 — psr1))}
+ Py, x,(1, 1) min{ps(ps7it + (1 — ps71)) }

= Py, x,(0, 1){ min{ps(psrit + t(1 — psr1)), t(1 — psr1)ps } (A.122)
+ min{ps(psrit +¢(1 — psrl))}}

+ Pr,x,(1, 1){ min{ps (ps71t + t(1 — ps71)), ¢(1 — psT1)ps} (A.123)
+ min{ps(psTit + (1 — psn))}}

A.4.2 Computing Rate Constraints for Example 2

As we mentioned after (5.32), we need to introduce Fj, with probability p., and thus, replace V}, by Ej, V}, in terms

(A.111a)-(A.1113). By using Ej, we regulate how much we sacrifice the rate of Txj, to reduce Txy’s distortion,

otherwise we just achieve the minimum distortion.

To compute [

The evaluation of the mutual information term (A.TTTa)) is detailed out as follows:

Iy :=I(V1E1; Xh XoY | U) + [(VaEg; X1 XoYVIE, | U)

= Pe, |[HV1 | U1 U2) — H(V1 | X1X2Y'S152) | + Pey | H(Va | UrUz) — H(Va | X1 X2Y'5155)

- H(B1|Bo) H(B2|Bo)

= pel PU1U2 (07 O)fO(rla T27t1) + PU1U2(1a O)f(](fla’r?atl) + PUlUQ (07 1)f0(rla f27t1)

+Py,v,(1,1) fo(71, 72, t1) — H(tlatl)]
Dey PU1U2 (07 O)fo(’l”g, Tlvt?) + PU1U2(1a O)fﬂ(f%rla t?) + PU1U2 (07 1)f0(7’2, 7717752)

+PU1U2(1,1)f0(f2,71,t2) —H(tg,fg) (A.124)
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where

fo(ri,ra,t) = H((]— — pst1)(1 — psr2)t + psripsrat,
ps1(1 — psr2)t + (1 — per1)psrat + (1 — psr1) (1 — psra)t,

psT1psTat + psr1(1 — psra)t + (1 — psry )psr2t> , (A.125)

in which for each pair of (U1, Uz), we find the conditional probability of Py, i/, 17, (v1 | u1, u2):

PV1\U1U2(O ‘ 070) = PZ1|U1U2 (0 | 070) + PZ1|U1U2 (3 ’ 070)

Pr[S1X1=0 & S2X2=0 & B1=0|U;=U2=0] Pr[S1X1=1 & S2X2=1 & B1=1|U;=U2=0]

= (1 - PI‘[Sle =1 | U1 = 0])(1 - PI‘[SQXQ =1 | U2 = 0})PB1(0)

4+ Pr[S1 Xy = 1| Uy = 0] Pr[SeXo = 1| Uy = 0P, (1)

= (1 = psr1)(1 = psra)ts + psT1psraty, (A.126a)
Py, 0,0,(1]0,0) = Pr [Sle + 85 Xo+B1=1[U1=Uz=0

=Pr[S1X1 = 1| U1 = 0](1 — Pr[S2X5 = 1| Uz = 0]) P5, (0)

+ (1= Pr[S1X) = 1| Uy = 0]) Pr[S2 X2 = 1| U = 0]Pg, (0)

+ (1= Pr[$1X; =1|U; =0])(1 = Pr[S2Xs =1| Uz = 0]) Pp, (1)

= psr1(1 — psr2)ts + (1 — por1)psrats + (1 — psr1) (1 — psra)ty, (A.126b)
Py, 1,0,(210,0) = Pr [slxl F S Xo 4+ Bl =2|Ui=Us=0

= Pr[S1X; = 1| Uy = 0] Pr[S2Xo = 1| Uy = 0]Pg, (0)

FPrS1Xy = 1| Uy = 0](1 — Pr[SaXs = 1| Uy = 0]) Pp, (1)

4+ (1-Pr[SiX1 = 1| Uy = 0))Pr[SeXs = 1 | Us = 0]Pp, (1)

= psr1psrats + pst1(1 — psra)ts + (1 — psr1)psraty. (A.126¢)

To compute I,

The mutual information term in (A.TT1D)) is evaluated in following steps:

L :=1(E\Vi; X172, | U)
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= Pe, |HV1 | U2 X1) — H(Vy | U X121)

- 0

= ]561 PUQXl (07 O)fl(r27t1) + PU2X1(17 O)fl(f2>t1)

+Pu,x,(0,1)G1(r2,t1) + Pu,x, (1, 1)G1 (72, tl)] (A.127)
where
filre,t)) = H ((1 —psr2)ty,  psrats + (1 — psrao)ty, P5T2t1> (A.128)
and
Gi(ra, t1) = H(ﬁs(l — psr2)t1 + pspsraty,  ps(1 — psr2)ty + Pspsrats + ps(1 — psra)ty,
piraty + ps(1 — psro)t + pspsT2t1>A-129)

The function f1(r2,t1) = H(V1 | ug, x1 = 0) is obtainable by calculating the conditional probability Py, 17, x,

as follows:

PV1\U2X1(O ‘ 0,0) = PI‘[SQXQ +B; =0 ’ U, =0,X; = 0]+PI‘[SQX2 +B; =3 | U =0,X; = 0]

Pr[SQXQZO& Bl=0|U2=0,X1=0] 0
= (1 —psr2)ta (A.130a)
Py jyx, (1] 0,0) = Pr[ShXo + By = 1| Up = 0, X1 = 0] = pyraty + (1 — pyra)ty (A.130b)
Py, x,(210,0) = Pr[SaXo + By =2 | Uz = 0, Xy = 0] = psraty (A.130c)

and G'1(r2,t1) = H(V1 | Uy = 0, X1 = 1) is the conditional entropy function computable by following conditional

probabilities:

PVl\UzXl(O |0,1) = Pr[S1+ SeXo+ B1 =0 | Uz =0, Xy = 1] +Pr[S) + 52 Xo + B =3[ U2 =0, X1 = 1]
Pr[S1=0 & S2X2=0 & B1=0|U>=0,X1=1] Pr[S1=1 & SaX2=1 & B1=1|U2=0,X;=1]
= ps(1 — psr2)t1 + pspsraty (A.131a)
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Py jtx, (110,1) = Pr[S1 + S Xo + By = 1| Uy = 0, X1 = 1]
=Pr[S1 =1,9Xo=0,B,=0| Uy =0,X; = 1]
FPr[S1 =0,8Xo=1,B,=0|Us=0,X; = 1]
4+ Pr[S1 =0,9Xo=0,B,=1|Us=0,X; = 1]

= ps(1 — psr2)ts + pspsrats + Ps(1 — psra)ta (A.131b)

Pyjtpx,(210,1) = Pr[S1 + S Xo + By =2 | Uy = 0, X1 = 1]
=Pr[S1 =1,8X,=1,B,=0| Uy =0, X; = 1]
FPr[S =1,8Xo=0,B; =1|Us=0,X; =1]
FPr[S =0,9Xo=1,B,=1|Us=0,X; =1]

= pgr2fl + ps(1 = psra)ts + Pspsrati (A.131c¢)
To compute /5
The mutual information term specializes to:

I2 = ﬁeg PU1X2 (Ovo)fl(rlatQ) + PU1X2(17 O)fl(fla t2)

L0, x, (0, )G (r1, t2) + Py x, (1, 1) Ga(72, t2) (A.132)
To Compute I3
The rate constraint (A.TT1d)) specialize to as detailed out in the following:

I3 = PU0X2(O7O)f3(k1) + PU0X2(17O)f3(Z71) + PU0X2(07 1)G3(k1) + PUon(la 1)G3(%1)

_PU1X2 (07 O)f?)(fl) - PU1X2(170)f3(T1) - PUIXQ(O’ 1)G3(’Fl) - PU1X2(17 1)G3(T1) (A.133a)

where

fa(k1) £ H((l — psk1)ta, (1= psk1)ta + pskita, psE1t2> (A.133b)

116



APPENDIX A. PROOFS 117

G3(k) £ H((l - psl_{)psf% psl_fpsf2 +(1— psl_f)[ps& —1—13352],

(1 - ps%)pstQ + ps]%psb + psl}psf% pskpstQ) (A.133c¢)

in which we have computed the following conditional entropies:
* To compute H(Zs | UpX2), we need the related conditional probabilities

— First, we start by fixing (Uy = 0, Xo = 0)

Pr{Zzz()\Uon,Xg:O}:Pr{S1X1+32:0|U0:0,X2:O}

= (1 _ps(l)leon(l ‘ 0)>PB2 (0)

= (1 — psk1)ts (A.134a)
Pr [22 —1|Uy=0,X5 = o} = (1 — poky)ta + pskifo (A.134b)
Pr {Zg —2|Up=0,X5 = 0} — pekit (A.134c)

— Second, we fix X2 = 1 and calculate the conditional probabilities similarly:

Pr 22:o|U0:o,X2:1} :Pr[SlX1+SQ+B2:O|U0:O}
— (1= PPy, 110)) P 0P5,0
= (1 — psk1)psta (A.135)
Pr|SiX;+ 8y + By =1|Uy=0,X; = 1} — (Ps, (1) Py, 11, (1 | 0)) Ps, (0) P, (0)
+<1 — Ps, (1) Pxy ), (1 | 0)>PSZ(1)PBQ(0)
+(1- Pa P 10) P 0P )
= psk1Psta + (1 — psk1) [psta + Psta] (A.136)
Pr [51X1 Y S+ B=2|Uy=0X; = 1} - (1 — Ps, (1) Py, (1| 0)> Ps,(1)Pp,(1)
+(Ps, (1) Px, |1, (1 ] 0)) Ps, (0) P, (1)
+(Ps, (1) Px, |15 (1 ] 0)) Ps, (1) P, (0)
= (1 — psk1)psto + pskiPsta + pskipsta  (A.137)
Pr[SiX1+ 8+ B =3|Up=0,Xz = 1] = Ps,(1)Px, 5, (1| 0)Psy (1) P, (1)

= psk1psta (A.138)
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- In an analogous way, we have following conditional probabilities for H(Z; | U3 X>):

Pr ZQZO\Ulzo,ngo}:Pr[51X1+Bgzo|U1=0,X2:0}

~ (1= PPt ) P
= (1 —psr1)ta (A.139)
(A.140)
Pr[zgzl\Ulzo,ngo} :Pr[SlX1+Bgzl|U1:0}
= (1 = psr1)ta + psrite (A.141)

Pr {Zg —2| U1 =0,Xs = 0} — Pr [Sle Y By=2|U; =0,Xs = 0} — pority (A.142)
To compute I,

In an analogous way to (A.TT1d), the mutual information term (A.TT1e) specializes to:

Iy = Pyyx,(0,0) fa(k1) + Poyx, (1,0) fa(k1) + Poyx, (0, 1)Ga(k1) + Puyx, (1,1)Ga(kr)

—Pu,x,(0,0) fa(T1) — Pu,x, (1,0) fa(r1) — Pu,x,(0,1)Ga(71) — Puyx, (1,1)Ga(r1),  (A.143)

where

[I>

fa(k) H<(1psi%)t2, (1 — psk)ta + pskto, psl?:t2> (A.144)

lI>

G4(T) H((l - psF)psf% psfpst} + (1 - psf) [pst_Q + 15552]7

(1 - psf)pst2 + DsTPst2 —{—psfpsf% ps":pst2> (A.145)

To compute [5

The final expression of the mutual information term (A.TTTf) specializes to:

Is := H(Vi | UrUz) — Px,2,(0,0)H(t1,11) — Px,z2,(1,3)H(t1,11) — Px,2,(0,2)H(t1,11)
_PUlXQZQ (Oa Oa 1)G5(’I“1, tl) t2) - PU1X222(17 0; ]-)GE')(’Fl; tl, t2)
— Py, x,2,(0,1,1)Q5(r1) — Puyx,2,(1,1,1)Q5(71)

—Py,x,7,(0,1,2) f5(r1) — Py, x,2,(1,1,2) f5(71) (A.146)
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where

G5(T1,t1,t2) é H(Vl ‘ uyp = O,$2 = 0,22 = 1)

(1 = psr)tits psritita + (1 — psr1)tits psritits
. . = ; = (A.147)
(psr)ta + (1 —psri)ta’ (psr1)ta + (1 —psri)ta 7 (psri)ta + (1 — psri)ta

and we define three following functions:

Q5(7“1,t1,t2) £ H(V1 ’ Uy = 0,1‘2 = 1,2:2 = 1) =
( (1 — psr1)Pstita
psT1Psta + (1 — psr1)psta + (1 — per1)Psta’
(1 — psr1)Pstita + (psm1bs + (1 — psr1)ps)tits
psT1Psta + (1 — psr1)psta + (1 — psr1)Psta
(ps71Ps + (1 — psr1)ps) talo ) (A148)

psrlﬁst} + (1 - psrl)ps£2 + (1 - psrl)ﬁst2

and

psritits
(psrlps + (1 - psrl)ps)tQ +pg"”1bart2

f5(ri,ti,te) 2 HVy jug = 0,20 = 1,20 = 2) = (

(psrlps + (1 - psrl)ps>flt2
(psT1Ds + (1 — psr1)ps)ta + p2rita
pAritits + (psrlﬁs +(1— ps’f’l)ps>t1t2

— ) (A.149)
(psrlﬁs +(1— psﬁ)ps)tg +pgr1t2

Th detailed steps are as follows:
I :=1(V1; X225 |U) = HVy | UhUs) — HVy | U1 XoZ5) = H(Vy | Ui Us)

—PU1X222<0,0,0)H(V1 ‘ uyp = 0,:(}2 = 0,22 = 0) — PU1X222<1,0,0)H(V1 ‘ uyp = 1,1‘2 = 0,22 = 0)

—PU1X222(0,0,3)H(V1 | U = 0,.7}2 = O,ZQ = 3) — PU1X222(1,0,3)H(V1 | Uy = 1,.%'2 = O,ZQ = 3)

0
_PU1X2Z2(O, 1,3)H(V1 ‘ uyp = 0,1’2 = 1,,22 = 3) — PU1X2Z2(17 1,3)H(V1 ‘ uyp = 1,$2 = 1,22 = 3)

—Pu,x,2,(0,0, ) H(Vy |up = 0,20 = 0,20 = 1) — Py x,2,(1L,0, 1) H(Vy |up = 1,29 = 0,20 = 1)

—Pu,x,2,(0, 1L, ) H(Vi |u1 = 0,20 = 1,20 =1) — Py, x,2,(LL,)H(V) |up =1,z = 1,20 = 1)

Py x,2,(0,1,2)H(Vy |u1 = 0,20 = 1,20 = 2) — Py, x,2, (L, 1,2)H(Vy | ug = 1,29 = 1,29 = 2)
(A.150)
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We have already calculated H (V; | U1Usz)in (A.126a). To compute functions G5(r1), @5(71), f5(r1) based on each

observation of (U, X2, Z3), we have the steps as follows:

* For case (U1, X2, Z2) = (0,0, 0), the conditional entropy is given by
H(Vi | uy = 0,25 =0, 25 = 0) :H(ﬁ, t1> (A.151)

where one can compute it as follows:

—PI‘[WZO‘U1:0,X2:0,ZQZO]:PT[21:O|ZQZO]:PF[31:O|BQZO]:7?1,
—Pr[‘/lzl‘UlZO,XQZO,ZQZO]:PT[lel|Z2:O]:PI'[B1:1|BQZO]:tl,

-Pr[Vi=2|U;=0,X2=0,Z,=0]=0,
The last step is concluded by assuming that the feedback noises are independent.

* For case (U1, X2, Z2) = (1,0,0), the steps are similar to previous case

H(Vi |uy = 1,20 = 0,2 = 0) = H(ﬁ, t1> (A.152)

* For case (U1, X2, Z2) = (0,1, 3), we have

- Pr[V1 =0 | U1 :O,XQ = 1,Z2 :3] :PI‘[le()|U1:0,X2:1,ZQZ3]+PI"[Z1 =3 | U1 =

0
0,Xo=1,Zy=3] =t

- Pr[Vi=1|U; =0,X5=1,7Z; = 3] =0, because Z, = 3 means that S1 X + S X5 = 2 which means

Z1 > 2

-PrVi=2[U1=0Xo=12=3]=1
* For case (U1, X2, Z2) = (1,1, 3), we go through similar step as if we have U; = 0.

* For case (U1, X2, Z2) = (0,0, 1), we have the following steps:

Pr[V1:0\U1:O,X2:O,ZQ:1]:

Pr[zlszl:o,XQ:o,Zz:l}+Pr[zlz3|U1:0,X2:0,22:1

0, because Zo = 1, Z3 can not be 3

120



APPENDIX A. PROOFS 121

= Pl“[Sle +B1=0 | Ui =0,X3,75 = S1X1+ By = 1]
. Pr[Sle—l—Bl =0 & S1Xi1+By=1 | Uq :0]
N Pr[S1 X1+ By =1 |U; = 0]
(1 - psrl)PBle (0’ 1)
(psrl)PBz(O) + (1 _psrl)PB2(1)
(1 — psr1)tita

_ : , (A.153)
(psrl)t2 + (1 - psrl)t2
Pr [Vl S| U;=0,Xs=0,2 = 1]
=Pr [Sle—l-Bl =1 ’ U=0,X2=0,5X1+B=1
o Pr[Sle—l—Bl =1 & S$1Xi1+By=1 ‘ U, :O]
B Pr[S$1 X1+ By =1]U; =0]
_ pSPXl\U1(1 | 0)Pp,B,(0,0) + (1 — pSPXﬂUl(l | 0))Pp,B,(1,1)
(ps71) P, (0) + (1 — psr1) Pp, (1)
S tit: — Vs t1t
_ penitifa + (1~ per)aty (A.154)
(psrl)t2 + (1 - psrl)t2
and
Pr [1/1:2|U1:O,X2:0,Z2:1]
— Pr [51X1+Bl —2 U1 =0,X2=0,5X1 + By = 1}
Pr [51X1+Bl =2 & SiX1+By=1|U; :0}
Pr[slxl Y B =2|U; = o]
_ psPX1|U1(1 | O)PBlBQ(17 0)
(psPx, 1, (11 0))Pp,(0) + (1 = ps Px, |0, (1] 0)) P, (1)
_ psritity (A.155)

(psT1)ta + (1 — pger1)ta

¢ The computation for (U1, X2, Z2) = (1,0, 1) is similar to the case in which U; = 0 and it is obtainable by

replacing r; into 7 and vice versa.(= G5(71))

* For case (U1, X2, Z2) = (0,1, 1), we have

I (1 — psr1)pstita
psT1Psta 4 (1 — psr1)psta + (1 — psr1)psta’
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(1 — psr1)psPB, B, (1,1) + (psr1ps + (1 — psr1)ps) Pr, B,(0,0)
psr1Dsta + (1 — psr1)psta + (1 — psr1)Psto
ps + (1 — 1t
(psrlps ( DsT1 )ps) 102 ) (A.156)

9

psrlpsEQ + (1 - ps""l)psEQ + (1 - psTl)pstQ
where we compute the following conditional probabilities:

PI‘[V1:0|U1:O,X2:1,ZQZH

—PHZ =0 Uy =0,Xo=1,Z0 = 1|+ =P1[Z; =3 | Uy =0, X = 1, Z5 = 1]
0
:Pr[Sle—i—Sg—l—Bl =0 ’ U =0,X5 = 1751X1+S2+B2 = 1]
- PI‘[Sle—i-SQ—i-Bl =0 & S1Xi+S5+B=1 | U, :0]
PI‘[Sle + S+ By =1 ‘ U = 0]

_ (1 = psr1)psPp,B,(0,1)

PsT1Ds PB, (0) + (1 - ps;r'l)psPBg (O> + (1 - psrl)ﬁsPBz(l)
____ (-prmhity _ (A.157)

psrlpstQ + (1 - psrl)pstQ + (1 - psrl)pst2

Pr[Vlzl\Ulzo,XQ:LZg:l]

:Pr[51X1+SQ+31:1 | UIZO,ngl,Sle—I—SQ—I—Bg:l]

(1 - psrl)ﬁsPBﬂB’z(la 1) + (psrlﬁs + (1 - pSrl)ps)PB1B2 (07 0) (A.158)
psT1Psta + (1 — psr1)psta + (1 — psr1)Pst2

PI’[Vl =2 | U1 = O,XQ = 1,Z2 = 1}

_ (psr1bs + (1 — psr1)ps) Pp, By(1,0)
psT10sPp,(0) + (1 — psr1)ps P, (0) + (1 — psr1)ps P, (1)

. (psr1ps + (1= psri)ps)tat ] (A.159)
PsT1Dsto + (1 - psrl)pstQ + (1 - psrl)pstQ

* The case (U1, X2, Z2) = (1,1, 1) is analogous to the previous case when U; = 0 . Thus we replace r1, 7 by

71, 71 respectively.

* For case (U1, X2, Z2) = (0,0, 2), we simply have H (¢1,¢1) on account of the following computations:

Pr[Vi =0| Uy =0,Xo=1,Z5 = 1] = Py 5,(0| 1) = 0 (A.160)
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PI’[Vl =1 | U1 = 0,X2 = 1,22 = 1] = PBl\Bg(O | 1) = 1?1 (A161)
PI‘[Vl =2 | U1 = O,Xg = 1,Z2 = 1] = PBl\Bg(l | 1) = tl (A162)
e For (Uy, X2, Z5) = (1,0, 2), the calculation and final result is similar as previous case.
* For case (U1, X2, Z2) = (0,1, 2), we obtain the following entropy:
H piritits _
(psT1Ps + (1 — psr1)ps)ta + p2rita’
<ps'r1ps + (1 - psrl)ps)fltZ
(psrlﬁs + (1 - psrl)ps)t2 +p§7“1£2’
piritits + <ps7“1ﬁs + (1 — psﬁ)ps>t1t2
— (A.163)
(psrlps + (1 - ps'rl)ps>t2 + p§r1t2
where each conditional probability is comuted as follows:
PI‘[Vl =0 ’ U1 = O,XQ = 1,Z2 = 2]
= Pr[Z1 =0 | Ui=0,Xo=1,7 = 2]—|—PI'[Z1 =3 | U=0,Xo=1,7, = 2] (A.164)
=0
o PI“[Zl == 3,U1 == O,XQ == 1,22 = 2]
PI"[Ul == 0,X2 == 1,Z2 - 2]
. PI“[Sle 4+ S5 Xo+ By =3,51X1 + 5Xo+ By =2 ‘ U =0,X,= 1]
N Pr[Zy =2|U; =0,Xs = 1]
PI‘[Sle 4+ S+ B =3,51X1+ 5+ By =2 ’ U, = 0]
PI‘[S1X1 + S+ By =2 | U = 0]
_ Pr[Sle + Sy =2 ‘ U = O]PBIBQ(l,O)
(psrlﬁs + (1 - psrl>ps>PB2(1) +p§r1PBQ (0)
2rtit,
- _ PsTititz — (A.165)
(ps71Ds + (1 — psr1)ps)ta + p2rita
PrlVA | I X 7 ] <psrlps + (1 - psrl)ps>PB1Bz (07 1)
r =1 = 0, = 1’ =2 = -
[ ' ! g 2 (ps""lps + (1 - psrl)ps)PB2(1) + pgTIPBQ (0)
(psrlﬁs + (1 - psrl)ps)fth
= (A.166)

(ps""lﬁs + (1 - psrl)ps)tQ + pgﬁfz
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124 A.4. PROOF FOR EXAMPLE 2

P2r1P, 5,(0,0) + (poris + (1 = por1)ps ) Popa(1,1)
(psrlﬁs +(1- psTl)Ps) Pp, (1) + p3r1Pp,(0)

piritits + (psﬁﬁs +(1— psrl)ps)t1t2

PrVi=2|U1=0,X2=1,Z, =2] =

(A.167)

I

(psmﬁs +(1— psn)ps)tg + p2rity

To compute I

We replace (71, t1, t2) by (72, t2, t1) in functions f5(-), Q5(+), G5(-), respectively in|A.149}|A.147] |A.148|to compute

mutual information term (A.TTTg):

Is = H(V, | U1Uy) — Px,2,(0,0)H (t2,t2) — Px,z,(1,3)H (t2,t2) — Px,z,(0,2)H (t2,t2)
—Py,x,7,(0,0,1)G5(r2, t2, t1) — Puyx,2,(1,0,1)Ge(T2, t2, t1)
—Py,x,2,(0,1,1)Qs(r2, t2, t1) — Puyx, 2, (1,1, 1)Qe(T2, 2, t1)

_PU2X1Z1 (07 1: 2)f6(r2a to, tl) - PU2X1Z1 (17 17 2)f6(7727 ta, tl) (A-168)

To compute /7

The mutual information term (A.TTTh)) specializes to:
I7 = Pe1Pes f7,1 + ﬁe1p€2 f7,2 + pmﬁeg f7,3 + ﬁelﬁez f7,4 (A169)

In I7, we have to be careful because it is the only term that contains (Y’, V1, Va, E1, F2) in which (Y, V4, V4) are

not independent because Y’, Z; and Z are not necessarily independent. We go through the following steps:

I7 .= I(X1X2;Y'S1 952 ViVo BN By | U)

= H(Y'S$15:V\Vo | E1ExU) — H(Y'S15:ViVa | E1E X1 Xo)

= Ppyp,(L1) | H(Y' | US1Sy) — H(Y' | X1X25152>]

H(to,fo)

+ Pp,,(0,1) |H(Y'V1 [ US1S2) — H(Y'V3 yxlxgslsg)]

H(to,fo)+H(t1fl)

+ PElEQ(l,O) H(Y/‘/Q |Q5152) — H(Y/VQ | X1X25152)]

H(to,f0)+H(t2,52)
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+ Pp,p,(0,0)|H(Y'V1Va | US1S2) — H(Y'V1Va | X1X25152)

H(t0,£0)+H(t1 ,{1)+H(t2,{2)
= De1Pes [7,1 + DeyPes [7,2 + DeyPes [7,3 + Dey Deo f7,4

Here, we compute f7 1, f7,2, f7.3, f7,4 as some individual terms as detailed out in the following steps:

fr1 = p2H (to, to) — H(to, to)

+psps Py, (0) H(X1 + By | Uy = 0) 4 psps Pu, (0) H(X1 + By | Uy = 1)
S~—— S~——

Pxq1 p*q1
+Psps P, (0) H(X2 + Bo | Uz = 0) + +psps P, (1) H(X2 + By | Uz = 1)
~—— ~——
P*d2 P*q2
+ p? Pu,v,(0,0) H(X1 + Xo + By | Uy = 1,U = 0)
N——
Pq192+Pq1G2
+p2 Py, (0,1) H(Xy + Xo + By | Uy = 0,Uy = 1)
—_—
Pq1G2+Dq192
—I—pg PU1U2(170) H(X1 + Xo 4+ By | U =U;, = 0)
—_—
Pd192+Pq1G2
+p2 Poyu, (1, 1) H(X1 + Xo+ By | Uy = Uz = 1)
N——
Pq192+Dq142

= (p2 — 1) H(to,%0) + psPs ((p « q1)H (F1to, 1 * to, rito) + (p* q1)H (1o, 71 * to, 7“1750))

+PsPs

(p * q2) H (Fato, 72 * to, rato) + (p * g2) H (r2to, T2 * to, 7’2t0)]

+p?

+(pq1G2 + PG1g2) H | T1rato, (r1 * T2)to + Firato, riTato + (r1 % 72)to, 7“17“2t0)

+(pq1g2 + D1 G2) H(Tﬂ’zto, (71 * ro)to + r17ato, F1rato + (71 * r2)to, 7’17“2t0)

+(pq1G2 + Pq1g2) H | rirato, (71 * T2)to + rirato, F17ato + (71 * 72)to, 7’17’2t0)]

fro & [pg(H(tofo) + H(t1,t1)) — H(to,to) — H(t1, 1)
+pspsH (X1 + Bo, X1 + By | Ur) + psps H(X2 + By, Xo + By | Ua)

+p2H (X1 + Xo + Bo, X1+ X2 + By | Uila)

= (p? - 1)(H(t07750) + H(t1,t1)>

(pq1g2 +Z5671(72)H<f1772t_0, (11 * ro)to + T17ato, 11t + (1 % r2)t0, 7“17“2t0)

(A.170)

(A.171)

(A.172)

(A.173)

(A.174)

(A.175)

(A.176)

(A.177)
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+PsPs

PUl(U)H<7’1tot1, Fitot1, Titot1, ritoty + Fitot1, mitoti, ritoti, Tltotl) +PU1(1)G7,2(7’1)]

~~

2G7,2(r1)

+PDsPs

Py, (0)Gr2(r2) + PUQ(l)G7,2(7“2)]

+p2 | Pu,u,(0,0)H7 2(r1,72) + Pu,u, (0, 1) Hy 2(11, 72)

+PU1U2(17 0)H7,2(7717 TQ) + PU1U2(17 1)H7,2(7717 7:2)] (A178)
where

H:, = H (7’17’250517 FiTatoty, TiTatot1, (11 % r2)tots + FiTatot1, (11 % 12)toty, (r1*7r2)toty,

Tlrgt_ofl + (7’1 * 7“2)750751, 7“17’250151, 7“1T2t0t_1, T1T2t0t1> (A.179)
The calculation of f7 3 is similar to f7 o by replacing r1 — 72 and t; — 2.

frs 2 |P2(H (to, to) + H(t2,12)) — H(to, to) — H(t2,12)
+psps H(X1 + Bo, X1+ Bo | Ur) + psps H(X2 + By, Xo + Ba | Us)

+p§H(X1+X2+BO, X1—|—X2+BQ ‘ UlUQ) (A]SO)

fra 2 {p? (H(toyto) + H(t1,t1) + H(ts, t2)> — H(to,to) — H(t1,t1) — H(t2,12)
+psps H (X1 + Bo, X1+ B1, X1+ Bo | Ur) + psps H(X2 + By, Xo + B1, Xo + By | Us)
+p2H(X1+ Xo+ By, X1+ Xo+B1 X1+ Xo+ By | Uilh) (A.181)
= (7~ 1) (o, f0) + H(0,10) + H 02,7
+ psPsGra(r1) + PspsGra(r2)

+pz PU1U2 (07 O)G7,4(r17 7"2) + PU1U2 (07 1)G7,4(T1; FZ)

+PU1U2(]-7 0)G7,4(’Fl? TZ) + PU1U2(]-7 1)G774(f17 FQ)] (A182)
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where

G774(?") £ H(?j{o{lfg, 771?0{1752, Ffotlfg, Ffotltg, 77150{17?2, Ftofltg, Ftotlfg,

7"501?17?2 —I—ftotltg, Tfofltg, Tfotlfg, Tfotltg, T‘tot}fg, T‘toﬂtg, T‘totlfz, T‘totﬂfz) (A.183)
and

G775<CL, b) £ H(abfot_lt_g, dgfofltg, ,dgfotlfg, ,dgfotltg, ,dgtoflfg, di)tozth, ,d[;totlfQ,
(a * b)f()t_lt_g -+ d[;totltg, s (a * b)Z()t—ltz, (a * b)t_()tlt_27 , (a * b)fotltg, , (a * b)tot_lfg,
, (a * b)tofltg, (a * b)totlfg ,abt0t1t2 + (a * b)totltg ,abf()fth,

abfotlfz, abf()tth, ,abtofﬂz, abtofltg, abtotlfg, abt0t1t2>. (A.184)

To compute Ig, Ig

The final expression of mutual information term (A.1111) is given by:

I3 = pe,pe, [ps [(p* q1)H (F1to, 1 * to, m1to) + (p * q1)H (r1to, 71 * to, 771150)]]
+ Dey Pes !Ps [H(to,to) + H(t1,81)] + psH (Tl(t_oﬁ +to x t1), ritot1 + Titot, m1(to * t1), T1t0t1>
—H ((tg,to) — H(t1, 51)]
+ PeyDey [Ps (H (to,to) + H(t2,12)]) — H(to, fo) — H(t2,t2)
+P3H<f1(t0t2 + to * t2), ritote + Titota, r1(to * t2), T1tot2>]
+ Dey Pes [Ps (H(to,t0) + H(t1,t1) + H(to,t2)) — H(to, to) — H(t1,11) — H(t2,t2)
+ ps((p* @) fs(r1) + (p*QIfS(Fl))] (A.185)

One can see the detailed steps as follows:

Iy = I(X1;; YViVoE By | UX2)

= PE1E2(17 1) I(Xl : YlVl =V, = 0 | U1X25182):|
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+ PE1E2 (07 1) I(Xl Y’ Wi ’ U1X25152):|
~~
) =1{Z1=1}+2-1{Z; =2}
+ PE1E2(170) I(Xl Y’ Va | U1X25152):|
L N~~~
=1{Z2=1}+2-1{Z2=2}
+ Pp,5,(0,0) | I(Xy V! Vi : J2 | U1 X25150) (A.186)

-
=1{lel}+2~1{Z1=2} =1{ZQZl}+2~1{22=2}

= Pp,p,(1,1) HY'"| U1 X25152) H(to,to)]

~ Ps, (0)H(Bo)+Ps, (1)H(X1+Bo|U1)

+ PElEQ(O,l) H(Y’,V1 | U15152X2) — H(BO,Bl)
~———

~ Ps, (0)(H(Bo,B1))+Ps, (1)H(X1+Bo,X1+B1|U1)  H(to,fo)+H (t1,f1)

+ Pr,£,(1,0) H(Y',V | U1$185X5) — H(Bo. By }
L ~———
Ps, (0)(H(Bo,B2))+Ps, (1)H(X14+Bo,X1+B1|U1)  H(to,to)+H (t2,t2)
+ Pp,5,(0,0) H(Y', Vi,Va | U1515:X5) —H(BO,Bl,Bg)] (A.187)

] Ps, (0)H(Bo,B1,B2)+Ps, (1) H(X1+Bo,X1+B1,X1+B2|U1)

= Pg, g, (1,1) | ps[(p* @1) H (F1to, 1 * to, m1to) + (p * q1)H (r1to, 71 * to, F1to)]

+ Pg,p,(1,0) | s [H (to, to) + H(t1,61)] + psH (fl(toh +to * t1), ritot1 + Fitot1, 1 (to * t1), T1t0t1>

—H(to, to) — H(tl,tl)]
+ Pg,£,(1,0) [pS(H(t()vt_O) + H(ta, t)]) — H(to,fo) — H(ta, 1)

+psH (Tl(t_ot_Q + to * t2), r1tota + Titota, m1(to * t2), T1t0t2)]
+ PE1E2(07 O) |:ps (H(to, t_()) + H(tl, {1) -+ H(tg, fg)) — H(to, f()) — H(t1, t_l) — H(tz, 52)

+ ps((p* qu) fs(r1) + (p*QIfS(Fl))} (A.188)

where

fs(r) = H<7”150t_1?5_27 Titotite + Fitotits + Trtotite + ritotite,
flfotlh + 771t0t_1t2 + fltotll?g—i-, Tlfofltg + Tlt_otlt_g + Tltoflfg,

Tlfotth + Tltofltg + Tltotlfg, r1tot1te + 7"1{07?152, 7“1t0t1t2> (A.189)
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Due to symmetry of the Txs, we have similar steps for Ig with parameters gz, 2, t2 corresponding to Zs, Xa:

Iy = pe,De, [ps [(p* q2) H (7at0, r2 * to, rato) + (p * q2) H (roto, 72 * to, ?72?50)]]

+ Dey Pes [ﬁs [H(to, to) + H(t2,t2)] + psH (fz(toh + to * ta), matots + Tatota, 2 (to * t2), 7"2750t2>

—H (to,to) — H(tl,tl)]

+ Dey Pey [PS(H(tojo) + H(t1,11)]) — H(to, o) — H(t1,11)

+psH <T‘2(t_051 + 1o * tl), 7"2{(){1 + rototy, Tg(to * tl), T2t0t1>]

+ Dey Des [ps (H(to,t0) + H(t1,t1) + H(to,12)) — H(to, to) — H(t1,11) — H(t2,12)

+ ps((p* @) fa(r2) + (p* Q2fs(?’2))]

To compute ;g

The mutual information term (A.TTTk) is given by:

IlO = I(Xl,Y ‘ U()XQ) = H(Y’ | Slngng) - H(Y/ | 51S2UOX2X1)
= Ps,(0)H (to,t0) + Ps, (1) H(X1 + By | Uo, X2) — H(to, to)

:mP%WWM@(Mnm+@me(WMM)

—i—pH((q * 7"1)7?0, (q * Tl)to + (q * Fl)t_o, (q * fl)t())] — pSH(to, t_[))

To compute /1

The mutual information term (A.TTTI) is calculated as follows:

Iy = I(Xo;Y | UpX1) = HYY' | UpX15152) — H(Y' | UpX1X25155)

H(to,fo)
= Ps,(0)H (to,t0) + Ps,(1)H (X2 + By | Uy, X1) — H{(to, o)

:mhﬂwwmm(wmm+mwm¢<wmm)

(A.190)

(A.191)
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erH((q * TQ)EQ, (q * Tg)to + (q * 7:2){07 (q * Fg)t())] — psH(to, f[)) (A.192)

To compute I3, I

The rate constraint (A.T1Tm) specialize as detailed out in the following where we use f13(-) defined later by different

inputs to reduce the complexity of the calculations :

112 = I(Xng;Y | UoUQ) = H(Y/ | UOU25152) — H(Y/ | UOUQSlSQXlXQ)

H(t() ,LT())

= pg |:PU0U2 (07 0)f13(T2, kl) tO) + PU0U2 (07 1)f13(f27 klvtO)

+ Py, (1,0) fi3(r2, k1, to) + Puyu, (1, 1) fis (72, /51,750)}
+ PsDs [PUQ (0)H (72to, T2to + 12t0, m2t0) + Pu, (1) H (r2to, rato + Tato, 7“2750)}

+ Dsps [PUQ (0)H (k1to, kito + kito, kito) + Pu, (1) H (kito, kito + kito, kﬁo)}

+ (P2 — 1) H((to, fo) (A.193)
The final expression of is as follows:

Lis=p? |:PU0U1 (0,0) fi3(r1, k2, to) + Puyu, (0, 1) fi3(71, ka2, to)
+ PU0U1(17 0)f13(rla EQ) tO) + PU0U1(17 1)f13<7:17 1227 tO):|

+ PsDs |:PU1 (0)G13(r1) + Py, (1)G13(T1)] + DsPs {PUI (0)G13(k2) + Py, (1)G13(ks)

+ (2 — 1) H (to, o) (A.194)
The term (A.111n)) specialize s as detailed out in the following:
113 = I(XlXQ;Y ‘ U()Ul) = H(Y’ | U()UlSlSQ) - H(Y/ ‘ U()UlSlSQXlXQ)

H{(to,t0)

= Pg,5,(1,1) [PU0U1(07 0) fi3(r1, k2, to) + Puyu, (0, 1) f13(71, k2, to)

+ Py, (1,0) fis(r1, k2, to) + Puyu, (1,1) f13(71, ko, to)}

1 Ps,s,(1,0) [PUI (0)Gis(r1) + P, <1>Glg<n>} T Psys,(0, 1) [Pm (0)Gus(ka) + Pry (1)Gas(h)

+ (P5152 (070) - 1)H(t0750)
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(A.195)
= pg |:PU0U1 (O) O)fl?)(rly kza tO) + PU0U1 (07 1)f13(F17 k?) tO)
+ Py, (1,0) fi3(r1, k2, to) + Puyu, (1,1) f13(71, /52,750)}
+ PpsDs |:PU1 (0)Gi3(r1) + Py, (1)G13(f1)] + PsDs [PUl (0)G13(k2) + Py, (1)G13(k32)}
+ (P2 — 1)H(to, to) (A.196)
where
fiz(r,k,t) &2 H (fk:t, rkt + 7kt + 7kt, vkt 4+ rkt 4+ 7kt, rl_ct()), (A.197)
and
G13(r1) = H(r1to, T1to + 71t0, rito). (A.198)

To compute /4

The mutual information term specializes as detailed out in the following:

Iy = I(X1X2; Y8185 | Up) = H(Y' | $15:Up) — H(Y' | X1X25152U0)

H(to ,{0)

— 7 [PUO<o>f14<k1, ko) + Poy(1) fra(Fu, o) | + (72 — 1) E (10, o)

+ Dsps [PUO (0)H (kato, kato + kato, kato) + Puy(1)H (kato, kato + kato, kﬂo)]

+ PsPs [PUO (0)H (k1to, kito + kito, kito) + Puy(1)H (kito, kito + kito, /ﬁto)] (A.199)

where

fra(k1, ko) = H</€1k'2to, kikato + (kiks + kika)to,  kikato + (kika + kika)to, /517_62750)- (A.200)
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To compute /5

The mutual information term is calculated as follows:

Lis =p2H <(Pk1k2 + pkiks)to, ﬁ[(/ﬁ@ + k1ka)to + /_ﬁ]_fzto} +p[(k'1k_2 + kika)to + klthO} )
15[(]?1]52 + kika)to + kﬂ@ﬂ)} + p[(lﬁk_z + kika)to + 1_6115250] , (Pk1k2 +pl_€17€2)t0>
+ DspsH < [(P *q1)T1+ (p* %)ﬁ} to, [(P *q)r1+ (p* ‘h)fl} to
; {(P * 1)+ (p Ch)?”l} to + {(P *q)ri+ (px Ch)fl} t0>
+ pspsH <[(p * q2)T2 + (p * Q2)T2} to, , [(p * q2)r2 + (p * QQ)@] to

; [(P * q2)T2 + (p * CIQ)TZ} to + [(p * q2)r2 + (p * q1)f2} fo)

+(p2 — 1)H (to, o) (A.201)
The mutual information term specializes to
115 = I(Xng;Y’Sng) = H(Y/ | 8152) — H(Y’ ‘ Slngng)

H{(to,0)
= H(S1X1 + S9Xo + By | 5152) — H(to,to)

= PS152(17 1)H<PI‘[X1 + X9+ By = 0], PI‘[Xl + Xo+ By = 1],

Px; x,(0,0)t0 Px, x5(0,0)t0+Px; x5 (X17£X2)t0

PI“[X1+X2+B():2] PT[X1+X2+BOZS]>

Px | x, (X1#X2)to+Px, x5 (1,1)t0 Px, x,(1,1)to

+ PS152(071)H |:PX2(O)t_07 PX2<O)t0+PX2( tO: PXz :|

+ PSlsQ(l,O)H[PXl(O)tO, PXl(O)t0+PX1( to, PX1
+ PSIS2(07 O)H(tme) - H(t07t_0)

=pi-H ((pk1k2 + pkika)to, (A.202)
(ﬁ[(kl@ + k1k2)to + E‘llzf‘zto} + p[(k‘lka + k1ka)to + k‘lkﬂo} )

ﬁ[(lﬁk} + k1kg)to + klefo} +p{(k1752 + k1k2)to + 7;717;?250} , (Dkiko +pk1k2)to>
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+hopsH ( ((px @)1+ () ]fo, [(px@)r + (px a)r fto,
(@7 + (prarifto + | a)r + (o= qlm]fo)
+psps - H ([(p * q2)T2 + (p * %)m}t_o, [(p * Go)r2 + (p * qg)fg} to,

(0 @)+ (0 @)rato + [0+ @)ra + (0 + q1>f2}t‘o>

+(p? — 1)H (to, To). (A.203)

Now, we have all terms to apply rate region inequalities in (A.T16al)-(A.116€) with constraints (A.TT61)-(A-TT6K). It

suffices to do optimization over all parameter values.
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Résumé: Les réseaux sans fil de la prochaine généra-
tion devraient prendre en charge les techniques de détec-
tion. Des exemples importants sont les systemes de trans-
port intelligents, ol les véhicules détectent en permanence
les changements environnementaux et échangent des infor-
mations avec les véhicules ou les serveurs centraux. Il ex-
iste des solutions naives pour réaliser ces deux tiches, qui
proposent de partager les ressources entre les deux. Cepen-
dant, les colits élevés de spectre et de matériel de ces ap-
proches encouragent 1’intégration des taches de détection
et de communication (ISAC) via une seule forme d’onde
et une seule plateforme matérielle. Cette thése se con-
centre sur I'ISAC théorique de 1’information. Nous ex-
aminons le premier modele informationnel théorique pour
ISAC dans [[1]] ot un canal sans mémoire dépendant de
I’état (SDMC) avec des signaux de rétroaction général-
isés est observé au niveau de I’émetteur (Tx). Notre pre-
miere contribution est de caractériser le compromis fon-
damental entre les taux de communication et la distorsion
de détection des canaux de diffusion (BC) dépendants de
I’état, mono-Tx et bi-Rx, qui sont physiquement dégradés.

Titre: Une approche basée sur la théorie de ’information pour 1’estimation et la communication intégrées

Mots clés: ISAC, JSC, Communication, Détection, Théorie de I'information, réseau multi-terminal

Nous fournissons également des limites intérieures et ex-
térieures sur les compromis taux-distorsion réalisables pour
les canaux de diffusion généraux. La stratégie optimale de
détection des Tx uniques est un simple estimateur symbole
par symbole et I’optimalité de cet estimateur découle du
fait que les canaux de rétroaction généralisés et la séquence
d’état sont tous deux sans mémoire. Ce n’est pas néces-
sairement le cas dans les configurations avec plus d’une Tx.
Plus précisément, pour le MAC, nous proposons une détec-
tion collaborative ot chaque Tx compresse d’abord les sor-
ties et les entrées obtenues pour extraire les informations
d’état, puis transmet I’indice de compression a I’aide d’un
code de canal pur aux autres Tx. Nous décrivons égale-
ment deux schémas ISAC collaboratifs pour D2D, basés
sur la séparation source-canal/le schéma de canal bidirec-
tionnel de Han et basés sur le codage conjoint source-canal
(JSCC). Dans le scénario MAC et D2D, nos schémas ISAC
sont strictement concaves dans les paires taux-distorsion
et améliorent donc également les stratégies classiques de
partage du temps ou des ressources.

Abstract: Next-generation wireless networks are ex-
pected to support sensing techniques. Important examples
are intelligent transport systems, where vehicles contin-
uously sense environmental changes and exchange infor-
mation with vehicles or central servers. There are some
naive solutions to do both tasks which propose to share
the resources between the two. But, the high spectrum and
hardware costs of these approaches encourage to integrate
the sensing and communication (ISAC) tasks via a single
waveform and a single hardware platform. This thesis fo-
cuses on information-theoretic ISAC. We review the first
information-theoretic model for ISAC in [1]] where a state-
dependent memoryless channel (SDMC) with generalized
feedback signals observed at the transmitter (Tx). Our first
contribution is to characterize the fundamental tradeoff be-
tween communication rates and sensing distortion of state-
dependent single-Tx two-Rx broadcast channels (BC) that
are physically degraded. We also provide inner and outer

Title: An Information Theory-Based Approach to Integrated Sensing and Communication

Keywords: ISAC, JSC, Communication, Sensing, Information theory, multi-terminal network

bounds on the achievable rate-distortion tradeoffs for gen-
eral BCs. The single-Txs’ optimal sensing strategy is a sim-
ple symbol-by-symbol estimator and the optimality of this
estimator stems from the fact that the generalized feedback
channels and the state-sequence both are memoryless. This
is not necessarily the case in setups with more than one Tx.
Specifically, for the MAC, we propose collaborative sens-
ing where each Tx first compresses the obtained outputs
and inputs to extract state information, then transmits the
compression index using a pure channel code to the other
Tx. Also, we describe two collaborative ISAC schemes for
D2D, based on source-channel separation/Han’s two-way
channel scheme and based on joint source-channel coding
(JSCC). In both the MAC and the D2D scenario, our ISAC
schemes are strictly concave in the rate-distortion pairs and
thus also improve over classical time- or resource-sharing
strategies.
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